THE CONVEX HULL OF THE INTERPOLATING BLASCHKE
PRODUCTS

MICHAEL D. O’NEILL

1. INTRODUCTION AND NOTATIONS

In the sequel we prove that if a Blaschke product B is continuous in the
closed unit disk except on a closed set £ C T of measure zero, then B is
contained in 9K, where K denotes the closed convex hull of the interpolating
Blaschke products. Moreover, we show that a generic Blaschke product is
contained in 27K . By the well known theorem of Marshall, this implies that
the unit ball of H* is contained in 27K. The proofs employ a technical
result, given in the first section, which may be of some independent interest.
The results in the paper improve earlier work in [8],[4] and [10]. We refer
to these papers and to the book [3] for further background on the questions

treated here.

This paper is based on part of the author’s UCLA dissertation completed
in 1995 under the direction of John Garnett. I thank him for all his help and
encouragement. My thanks also go to the referee and the editor for their

help in clarifying the presentation.

D: — Open unit disk, D={zeC:|z| <1}

T: —— Unit circle, T =0D

H®: —— The space of bounded analytic functions in D.
L™: —— The space of essentially bounded functions on T.
P,(w): — The Poisson kernel in D, P,(w) = ‘11:552.
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p(z,w): — The “pseudo hyperbolic distance” between z and w in D,
z—w
plevw) = | 22|
— Wz
d(z,w): —— The hyperbolic distance between z and w in D.
1
d(z,w) = log 1+p(z,w)
T
d(X,Y): — For X C DY C D,

(X,Y) =inf{d(z,y) :z € X,y €Y}
A§: —— An annulus of thickness 2¢ about the circle {|z| =}
A5={z€D:d—€e<|z| <d+¢}
I: — A half open subinterval of T
I={’eT:0, <O<0,)} forsome 0<6; <60 <2

|I|: — |I| = 02 — 64, the arc length of I.

Q = Q(I): — A Carleson “square” in D.
Q={re? el cr1-|I|<r<1} for some I CT
(Q(I)): — £Q) = |1

BQ: —— For B € RT,

0 0140 0, — 0 0,+6 0, — 0
BQ = fre? o2 p(2l) <0 < IR 1-p(0,-0) <r < 1)
TQ): — T(Q)=Qn{zeD:|z| <1- 42}
ug: —— For an inner function u and a € D the inner function u, is defined

by

u—a

C1l—au’
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B|y: — If B is a given Blaschke product with zeros {z,} and U a subset
of the open unit disk, then

_ —Zy Z = Zy
po= 1 5 (=)

ZVEU |ZV|

Z: —— The set of interpolating Blaschke products.
K: — The closed convex hull of Z.

F: —— The set of finite products of interpolating Blaschke products.

2. PRELIMINARIES

This section includes some background on the results presented in the
paper and on two interesting open questions. Several results recorded here
will be referred to later.

A holomorphic function u € H> (D) is called an inner function if its radial
limits (which exist a.e. on T by Fatou’s theorem) satisfy |u(e?’)| =1 a.e on

T.

An example of an inner function is

“(z)zeio‘zmlo_ol__Z (Z_Zu>

ool \1=7Zp2
where the convergence of the infinite product is assured by requiring that

Z(l —|zu]) < 400,

v

where each zero z, is counted with its multiplicity. An inner function of this
type is called a Blaschke product.
There are non-constant inner functions with no zeros in D called singular

functions. They are

ei9 2 )
u(z) = exp (— / ﬁ dA(ezg)>
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where d\ denotes a positive measure on T which is singular with respect
to the Lebesgue measure. Now, by the canonical factorization theorem for
H™ | the only other examples of inner functions in I are constant multiples
of products of the above two types. The following theorem shows that the
Blaschke products are uniformly dense in the inner functions. See [3] for

details.

Theorem 2.1 (Frostman). Let v(z) be a non-constant inner function on
the unit disc. Then for all { with |{| < 1, except possibly for a set of

logarithmic capacity zero, the function

v(z) = C

w(z) = L

1—qu(z)
is a Blaschke product.

This paper is concerned with those Blaschke products which have simple
zeros lying in an interpolating sequence, that is, a sequence of points in D

such that each interpolation problem
f(z) = w, v=12,... {w,} el

has a solution f € H>. The basic facts on interpolating sequences are

contained in the following theorem of Carleson.

Theorem 2.2 (Carleson). If {z;} is a sequence in the unit disc, then the

following conditions are equivalent:

1. The sequence is an interpolating sequence.

2. There is a 6 > 0 such that

II

537k

PTG sy k=1,2,...

1-— Zi 2k
3. The points zj are separated,

Zj — 2k

—|>a>0, J#k,
1 —Zjz
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and there is a constant C such that for every “square” Q) we have

> -1zl < CUQ).

ZjGQ

A Blaschke product with simple zeros on an interpolating sequence is
called an interpolating Blaschke product. We write Z for the set of interpo-
lationg Blaschke products, and F for the set of finite products of interpo-
lationg Blaschke products. It is known, for example, that every uniformly
closed algebra between H™ and L is generated by H> and the complex
conjugates of a subset of Z. See [2] and [6]. The constructive proof of the
Douglas-Rudin theorem due to Jones,[5], shows that any unimodular func-
tion in L°(T) may be uniformly approximated by a ratio of products in

T.
The following two problems are posed in ([3], p.430)

Problem 1: Do the interpolating Blaschke products generate H™ as a
uniform algebra?

Problem 2: Can every Blaschke product be uniformly approximated by
interpolating Blaschke products?

It is known that the Blaschke products do generate H> and in fact that the
closed convex hull of the Blaschke products is the unit ball of H, see [7].

Problem 1 was recently settled in the affirmative in [4], following the work
in [8] in which any Blaschke product with zeros which accumulate only at

a set of measure zero on T was shown to be in the linear hull of Z. The

idea in [4] is to carefully factor a general Blaschke product into finitely
many subproducts, to each of which a version of the argument of [8] may
be applied. This factorization technique solves Problem 1 because of the

following lemma from [8].
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Lemma 2.1 (Marshall, Stray). Given a Blaschke product B which is the
product of finitely many interpolating Blaschke products and given € > 0
there exists an interpolating Blaschke product B* such that

sup |B(z) — B*(2)| < e.
z€D

The lemma shows that we may as well pose problems 1 and 2 for the class
F instead of Z. A characterization of F in terms of zero sequences is given

in [4].

Lemma 2.2 (Garnett, Nicolau). Let B be a Blaschke product and let {z,}
be its zeros, counted with their multiplicities. Then the following are equiv-

alent:
1. B=DB;...Bn , and each Bj is an interpolating Blaschke product.
2. There is a constant C such that for every “square” QQ we have

> 1=zl < ClQ).

szQ
3. There exist positive constants pg,dy such that for each z, there is a w,
with

Zy — Wy <
< pPo

1—wyz,
and
(1= Jw,[*)|B' (wy)] = do.

Problem 2 remains open, as does the following, intermediate between
Problem 1 and 2.

Problem 1.5: Is the unit ball of H> the closed convex hull of Z7?

In [10], K.Qyma was able to show that K, the convex hull of Z, has non-
empty interior in H°°. Here we improve this result to show that K contains
all H* functions with norm not greater than 2—17, by expanding on some

ideas from the paper [1]. See also the paper [9] for some similar arguments.



THE CONVEX HULL OF THE INTERPOLATING BLASCHKE PRODUCTS 7
In section 4 we will need the following lemma and remarks . They are

from the exposition in [3] of Hoffman’s theory of the maximal ideal space of

HOO

Lemma 2.3 (Hoffman). Let B(z) be an interpolating Blaschke product with

zeros S = {z,}, and suppose
i%f(l —|za|?)|B' (z)| > 6 > 0.

There exist A = X(0),0 < A< 1, and r =1(5),0 < r < 1, satisfying

%‘E{ A(0) =1
%gr{ r(d) =1

and having the following properties: The set B~'(A(0,7)) = {z : |B(2)| < r}

is the union of pairwise disjoint domains Vy, z, € Vy,, and

Z— 2zp
1—7Z,2

VnC{z:‘ A}

B(z) maps each domain V,, univalently onto A(0,r) = {w : |w| < r}. If
|lw| < r, then

B(z) —w

Bl = 1550

s an interpolating Blaschke product having one zero in each V.

Remark 1. In the proof of lemma 2.3 the numbers A and r are chosen

according to

2\
l.A< —— <94
<1+>\2<

1— X0

2.0=X0) =1 and —1 as d — 1

do—A

= 1.
VA
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Remark 2. Let u € F have the zero sequence {z,} where multiple zeros

are repeated and write
w=][[Bi BieIZ, 1<i<N.

then if A > 0 is given and €(X) > 0 is sufficiently small, we have by lemma
2.3

N

{zeD:|u(z)] <€} C U{z eD: |Bi(z)| < e%} C U{z cp(z,2n) < AL
=1 n

If A > 0 is sufficiently small then by the density condition on the set {z,}

there is an M > 0 such that any connected component of J{z : p(z, z,) < A}
n

is the union of at most M of the disks {z : p(z, z,) < A}. By the argument
principle, u, € F whenever |a| < €(\). This shows that if v is any inner

function, then the set {a € D : v, € F} is open.

The last (well known) lemma of this section gives us information on the
modulus of a Blaschke product in terms of its zero sequence. It’s proof is

an exercise with the identity of Lagrange:

(1 =]z = |wl*) ?

|1 —wz|?

|z

forall z,weD

1 —wz

Lemma 2.4. Let 0 < a < 1 and let B be a Blaschke product in the disk
with zero sequence {z,} where multiple zeros are repeated in the sequence.
Suppose that

Z—Zu

>a>0 for each p.
1—-7Z,2

Then

1
52
o

L= o) (1 = |zul)
1%

L= o)1= |zl)

1 1 (
< < —
<log B0y < 30 L T op
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The left hand inequality holds without any condition except 0 < a < 1 and
we have C(a) = 1 as a — 1

Proof. See ([3], p. 288-289).

3. AN APPROXIMATION THEOREM

In this section we use ideas from Bishop’s characterization of the zero sets
of Blaschke products in the little Bloch space to prove a technical theorem.
See [1]. The theorem will be used in section 4 to factor Blaschke products
in a procedure similar to that used in [4]. If u is any inner function with the

canonical factorization

-z z—2z el + 2 0
= I I . - - dA(e'
U(Z) ’ |ZV| <1 —Z_VZ> exp ( / el — 5 (6 )) )

we associate with v a measure y, defined by

o =Y (1 = |2])82, + dA.

Here ) is the non-negative singular measure occuring in the singular factor
of u and {z,} is the zero set of u. Multiple zeros are repeated in the sequence

according to their multiplicity.
Theorem 3.1. Let u be a given inner function and let 1 > & > 0 be fized.
Let E5 = {z € D : |u(2)| = d}. The following two statements are equivalent.
1. There exists an € > 0 such that
ug € F, for each a € Aj.
2. There are M > 0 and 1 > 0 such that for each z € Ej, there ezists a

square QQ with the following two properties:

(a) d(z,T(Q)) <M,
(b) L2 ¢ [ (log § — ), 5 (log § +n)].
The theorem and lemma 2.1 imply that if we can factor a given finite

Blaschke product into 0(%) factors, each of which satisfies condition 2 with
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M and 7 independent of ¢ then we can solve Problem 2. This fact had been
noticed independently by K. @yma and communicated to the author in June

1996.

Before beginning the proof of the theorem we record, in the following

lemma, some remarks from [1].

Lemma 3.1. There exists a universal constant o with 0 < a < 1 such that

for any inner function u, if p,(16Q) = 0 for some square Q C D with

Q) < %, then for any € € Q and for w, = (1 —27™4(Q))e", we have
|u(wp)| > |u(wp—1)|* for each n > 1.
See ([1], p. 215 - 216) for a proof of the lemma.

Proof of theorem.
For any z € D let @, be a square which has z at the center of its top edge
and let

S(z,n) = {z' €Q.: 271 —z)< -] <271 - |z|)} .

Suppose that condition 2 of the theorem fails for the given inner function
u. This means that if we are given > 0 and M > 0, we can find some
z = z(n, M) € Ejs such that all squares Q with d(z,T(Q)) < M satisfy

Q) € [%(bg% —n), %(log% +n)]-

With n and § fixed, let N be a positive integer and let z = z(n, M).
Factor u as u = ujug so that fi,, is supported in D/NQ,. By lemma 2.4,
if N = N () > 0 is sufficiently large then |us(w)| > § for all w on the top

edge of Q,. We further require that
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where « is the constant from lemma 3.1 and that

/ P, () do < 1 for each 2’ € S(z, N).
101og & 5

Let Cy be the collection of N22V disjoint Carleson squares contained in

NQ@Q,, with
0Q;) =272M0(Q,)  for each Q; € Cn.

Note that any square S whose top half contains a zero has é(( )) differing by

at least 5 from some square of exactly half the size contained inside of it.

So if M is large enough and n < % then p,, is supported in (J @Q);.
Cn

We have
Clogu(#)] — 2xtulQ:) s\—1og|u<z'>|+log|u1(z'>|\
1Q.)
/|2
log "
T |u1 / T il )\
_ 2 .
+ ‘/ |11_1|jz|,|2 ““ Z) /Pz,(ew)dﬁ‘
QjeCn Q= Qin
+ ‘ /1'“ /P z@)d9_2M(Q)
QGC E(QZ)

for any 2’ € S(z, N). The first and fourth terms on the right are each smaller
than n by our choice of N. By application of lemma 2.4 and properties of
the Poisson kernel respectively, the second and third terms are each smaller
than n if M is sufficiently large. This shows that ||u(2')| — 0] < 4n for any
2 € S(z,N). As N can be arbitrarily large, Schwarz’s lemma and remark 2

after lemma 2.3 then show that condition (1) of the theorem fails.
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For the remaining half of the proof, let (), be as before, the square with z
at the center of its top edge. Let I = QQ,NT denote the base of ), and let S,
denote the union of 2™ disjoint Carleson squares of length r,, = 27™4(Q,)
contained in @),. Suppose now that for any given 7 > 0 and integer n > 0,
there exists a point zo(7,n) € D such that |u(zp)| = d, but |u(zp) —u(w)| < 7
for all w € 2"Q,, N{¢ € D : [¢] < 1 —-272"0(Q,,)}. By lemma 2.2 and
Schwarz’s lemma, this is true for any inner function u for which condition
(1) of the theorem fails. We will show that given M > 0 and n > 0, if n is
large enough and 7 small enough, then all squares @ with d(z¢,7(Q)) < M

have

/RS R

1 1
—(log = .
That will finish the proof of the theorem. Choose a point z with d(z, zg) <

M. With sufficiently large n and small 7, we have

/Pg(w) dpy (w) + log |u(zo)|| < g for each €€ Q./Sn.

D

In fact,

1€Y1 — 12 _1e12

- |1 —z¢)? ] |1 —Z¢)?

@I\

and all values of |u(¢)| are very near 0 for a very large hyperbolic distance
around z9. So by lemma 3.1, the zeros z, which are outside of 2"(),, make

a small contribution to the sum, and lemma 2.4 implies

1
()]

| Petw) dysuta) ~ 1o
D
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Let I = (1+272)] and let ¢ = 8‘1(’)7@‘. For sufficiently large n, we have

d9 1—(1—ry,) 1—|(1=ry)w®> do
P, ‘ —>1-
/ (1-rayeis (W 27r 1—|1—rnw|2/|1—6291—7’n) |2 27 =

for all w € S5, because the second integral is the harmonic measure at

(1 — rp)w of the arc I. Therefore,

pa(Qz)  pu(S2n) d9
0Q,) Q) = (1_c / /P1 et (W dpu (w).

< (1420 w QZ /P1 yeioe (1) dpi (1)

(for the appropriate 8* with " € I )

1+4c
< [ Py 0 )
D
(for sufficiently large n)
1+4c
< ——(=log lu(z0)| + )
27 4

1
< — 5 logu(z0)| + 1.
™

Now let I = (1 —27%)I and let 7, = 27"4(Q,). Let N be a positive

integer to be chosen below and for any ¢ ¢ I let Q.0 be the square with

£(Qui¢) = Nry, and base centered at ¢’. By lemma 2.4 and lemma 3.1, if

n is large enough and 7 small enough we may choose a large N < 27 such

that
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We therefore have for all e € T

/Pl rn 67‘0 d/l:u / 1 rn 67‘0 d/l:u( ) <

D

>3

and therefore

N _ f (Sn) 1 _ d_9 w
0Q,) Q) 2g(Qz)S/ /P(l—rn)e”’(w) o dpiy (w)

n \T

: do
f >/ / Ptz payen () dpa () b 57

1 / n
P i - =
= 2’/T£ Qz (1—ry)ei?” dlj'u( ) 4

(for an appropriate 8* with e?" € I )

1
> —2—10g|u(zo)| -
™

We have shown that

1 (Qx)

Q)

+ log |u(zp)|| < 7.

Since z was an arbitrary point with d(z,zy) < M, this concludes the proof

of the theorem.
4. ON THE SIZE OF THE CLOSED CONVEX HULL OF THE INTERPOLATING
BLASCHKE PRODUCTS
In this section we will use theorem 3.1 to give proofs of the results stated
in the introduction. The line of argument follows [8] and [4] and the size of

coefficients is estimated in a manner suggested by [10]. We make use of a
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fixed net of dyadic “squares ”. By lemma 2.1 we may assume that a square

in the first level of the net containing any zero has £(Q) < 13-

Theorem 4.1. Let B be a Blaschke product, continuous on D\ E where

E C T has Lebesque measure zero. Then B is contained in 9K .

Proof. Let M ={Q,} be the set of maximal dyadic squares which contain

no zero of B. We have

Z Q) = 2.

QueM

Let N be an integer which will be made as large as required and let z, be

the point at the center of the top edge of the square 2VQ,. Let By € T

denote the Blaschke product with simple zeros at the points {z,} and let

Bng(2) =[] &= (Z_ZV>-

V#U_|zl,| 1 -7,z

Let w, = 2*(N*”)Qg and let a ~ b denote the relation % —1las N — oo.

We have by lemma 2.4

1 1 1 —|z,12)(1 — |z, |?
Z( 2017) (1 = |2[7)

log ——— ~ = .
oyl 11— Z52,|?

|BN,0(ZU)| 2

1 — |z, 12)(1 — |2, |2
-y ¥ (1 —zo|*)(1 — |2 [%)

1 —Z52,|?
n>N Zuewn\wnfl | a V|

<0y X Y

n>N z, Ewn\wn—1

<C' Y 2

n>N

(Note that the sum over z, € wy, \ wy—_1 is vacuous for large n.) Therefore,

for a given € > 0, we will have

|Bno(25)| = (1 — |2,*)| By (25)| > 1 —€ foreach o
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if N = N(e) is sufficiently large. Altering the previous notation, we write

By —w

BYy = ———.
N 1 —wByN

By lemma 2.3, there are positive numbers 0 < ry < 1 and 0 < Ay < 1 with
ry — 1l and Ay — 1 as N — oo such that BY; € 7 for all w with |w| < ry
and such that BY has exactly one zero in each disk D, = {z : p(z, 2z,) < An}.
By remark 1 following lemma 2.3 we may assume each D, is contained in
the square @Q,.
Ifzeb)\ U @; then the dyadic square () whose top half contains z has
J

BBy (Q) _ pBy(Q) _ N
W - ouQ -

Otherwise, z is hyperbolically near some square with zero mass.

Let § > 0 satisfy % log% = 2=(N+1) Then by theorem 3.1 we have

BBy +a

)
1 +aBBy

€ F  foreach a with |a| =0.

Now choose w € D with 7%, < |w| < ry. There is N’ depending only on Ay
such that

KBBY (Q) —N'
nQ -°

for all dyadic squares () with

7(Q) c D\ [JQ;.
i

And since all zeros of BY; are contained in the disks {z : p(z,2,) < An} it

is clear that any point in J Q); is near some square with zero mass.
J

N'+1)

So with % log % =2 we have

BBy +c

m e F, for each ¢ with || = §'.

(xx)
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Fix a with |a| = 0, and let ﬁ_gggz = u € F. Then we have

BBy = —a+ (14 |a))(1 = |a|)(u +au® + @%ud +...).

By lemma 2.1 we know that F is contained in the uniform closure of Z, so

that
BBy € (1 +2|a])K C 3K.

Similarly, (+*) implies
BBY € (1 +2[c|)K C 3K.
Now we also have
BBY = —wB + (1 + |w|)[(1 — |w|)(BBy +@WB(By)? + @ B(By)® +...)].

n

By lemma 2.1 again, we know that each term B(By)" is contained in 3K,

so —wB € 9K and since |w| — 1 as N — oo, we have B € 9K.

Now we factor a general Blaschke product into two factors in such a way

that a version of the above argument may be applied to each.
Theorem 4.2. If B is a Blaschke product defined in D, then B € 27TK.

Proof. Let B be a Blaschke product with zero set {w,}. We may assume
that {w,} NOT(Q) = 0 for every @ in a fixed dyadic net. It is clear that
any Blaschke product is the uniform limit of products with this property.
By lemma 2.1 we may assume that all the zeros satisfy |w,| > 1 — 55 and

further, that each dyadic square @ with £(Q) = 155 satisfies

1B(Q)
£(Q)

< €

Let {Q}} = G1 be the set of maximal dyadic squares with

MB(Q})
(Qh)

> 2M60,
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where M > 0 will later be chosen as large as needed and €y > 0 as small as

needed. We have
> 0Q)) < 2m2M.
g1

Now let {Vkl} be the set of dyadic squares which are maximal among dyadic

squares contained in some le- € G, with respect to the property that

:“(Vkl)
(v

< €p.

Because |B| — 1 non-tangentially almost everywhere, we have

> V) =0(Qf)  foreach Qj € Gi.
VicQj
To see this, let @ be a square such that z € D is contained in T(Q). We

then have

1 [22)(1 = jwaf?)
1= wal?

log |B(z)] < —=C Z (

wr€Q

< ' E -
wp€Q

and this implies what was claimed.

Let

le- = le- \ U Vi for each Q} € Gi.
v, CcQj

Define G, = {Q?} to be the set of dyadic squares which are maximal

among squares contained in Vk1 for some k with respect to the property that

NUQ?) M
1) ~°

€o -
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We have
Z E(Q?) <2 Mpvhy, for each k.
Qicv

We form the set of squares {V;?} and regions R? as before and continue to
obtain Q?, R} and V" If 2M¢ < % our assumptions imply that all zeros
of B are contained in the interiors of the regions R}. Let o and v index the
pairs (n, k). Choose an integer N > 0 and let By € Z be the product with
one zero z, = z(, i) at the center of the top edge of each square 2=N Vi for

all n and k. We will also write V' =V,. Let

2y Z— Zy

BN(TE —
, || —
2|1 —Z,2
s |2 | ”

We claim that given € > 0, if N and M are sufficiently large, then

|IBNo(26)] > 1 —€.

Let S,, denote the square 2_(N_”)V(,. Then we have

g Ly OOl s OBl
|BN,O'(ZO')| zuiVo |1 B %ZVP n>N z,€5,\Sn—1 |1 N %ZVP
v#o

As in the previous proof the sum on the right is as small as we like if N is

large enough. The sum on the left is

—2n 1_|ZV|2
<X 2 TyLe

TLSN Zy ESn\Sn—l

2N _
S AP P
v TLSN ZVESn\Sn—l
<" 2N Z 9—2n 27(M+N)£(VU)
- L(Vy) n<h
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<c'27M N2
n<N
and therefore is as small as we like if M is sufficiently large.
As in the proof of the previous theorem there are positive numbers 0 <
ry<land 0 <Ay <1withry —1and Ay — 1 as N — oo such that

By —w

B ="
N=1_—wByx

€Z  foreach w with |lw| <ry

and B} has exactly one zero in each disk {z : p(z, z,) < Ax}. By the remark
following lemma 2.3 we may assume that each such disk is contained in the
square @Q,. Taking M to be sufficiently larger than N we may also assume
that each D, is hyperbolically far from any region RY.

For a fixed Q7 let Q7 be the unique dyadic square containing Q7 with
£(27) = 2£(Q7). Notice that by the maximality of the @7, if there are two
adjacent Q7 of the same size, say @ and Q' then # Q.

Let

G, = {20 Q} € G}

and write

e

Gn =) H;

=1

where H; is the set of maximal dyadic squares in G, and, for n > 1, H,, is

the set of maximal squares in
n—1
g\ U Hs.
i=1

In the terminology of [3] we have divided each set of squares G], into gener-

ations H;. Note that if Q? € H; then

> () <

{QzGHi+2:QzCQ;’}

().

e
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Define
o0
Gno = | J{Q) € Gn: O} € Hoi1}
i=1
and
Gt = (J{QF € Gn : QO € Hai},
=1
and define
Wna= |J R} a=0,1
Q" EGn o
and

Uo=J Wne a=0,L

n=1
We will now use these definitions to factor the product B.

Let
B, =Bly,, a=0,1

and let

BN,n,a: H v (Z—ZV>’ a:(),l

. 2 1—2z,2
{v=(n.k),j:V'CG"E€Gn o} 2] v

and

BN,a = H BN,n,a > a=0,L
n

Then B = ByB; and By = By oBn,1.
Let
B o = Balw, . BNna
and let

B, = HB:L,C( = BaBn,a-
n

We claim that

21
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for all § with % log % = %Q_N . This will follow from theorem 3.1 once we

show that every point in D is within bounded hyperbolic distance of some

dyadic square @ with

Let a be fixed. If Q;‘ € Gn,o then

« (QP -N M -N M 2 /o—N M
py,( ’)s 27N +2Me +<1> 27N +2Me +<1> 2V +2Ye ) |
IR 2 4 2 4 2

4
6

<

27N +2Me).

Here the factor i is provided by the “odd-even” splitting within each set
Gn-

Now summing over all the sets G,, we have

uBx (Q?)

4 3
< (1427 Mpo2M Ly, Z(2=N 4 oM Zo—N
fap SO+ 4 @ 4 2Me) <

4
if g is small.

Therefore if z is not in any R with Q;V € Gn,o then it is hyperbolically

near the top half of a dyadic square () with %Q(?) < %2_N . This is because

the point z is inside some square V,, but outside any RY. Moving a fixed
hyperbolic distance away from the zero z, if necessary, there are only squares
with & < 32N directly below.

On the other hand, if 2 € R} with Q)] € G, o then z is contained in the

MB;;(Q)
4Q)

top half of some dyadic square @ with > 27N, The claim is proved.

Following the proof of the previous theorem, we may replace By by BY =

By —w
T—wBy

where r%, < |w| < ry. The zeros of By and BY% are in a natural one
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to one correspondence since each product has exactly one zero in the disk

{21 plzr2) < A}
We let B]“\’,,a be the factors of B} corresponding to the factors By , of By.
Then there exists an N’ depending only on Ay such that

BoBy, —n

e —— =0,1
1—ﬁBaB]“\}a€}-’ « ,

for all n with % log |717—‘ = %2_N ". This follows by a repetition of the previous

calculation.

We obtain as before
BoBna € (1+2|0)K  and  BoBy, € (1+2n)K
therefore
BBy € (1+2§)))K and BBY € (1+2/n|)*K.
It follows that
—wB = BBY — (1 — |w|*)(BBy + WB(By)? + W B(By)> +...)

and therefore, by lemma 2.1, that —wB € 27K. Since |w| - 1 as N — oo
we have B € 27TK.
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