INTEGRAL POINTS OF SMALL HEIGHT OUTSIDE OF A
HYPERSURFACE

LENNY FUKSHANSKY

ABSTRACT. Let F' be a non-zero polynomial with integer coefficients in N
variables of degree M. We prove the existence of an integral point of small
height at which F' does not vanish. Our basic bound depends on N and
M only. We separately investigate the case when F' is decomposable into a
product of linear forms, and provide a more sophisticated bound. We also
relate this problem to a certain extension of Siegel’s Lemma as well as to
Faltings’ version of it. Finally we exhibit an application of our results to a
discrete version of the Tarski plank problem.

1. INTRODUCTION AND NOTATION

Let
F(X) = F(Xl, ...,XN) S Z[Xl, ...,XN]
be a polynomial in N > 1 variables of degree M > 1 with integer coeflicients.
If F' is not identically zero, there must exist a point with integer coordinates at

which F' does not vanish, in other words an integral point that lies outside of the
hypersurface defined by F' over Q. How does one find such a point?

For a point = (21, ...,zn) € ZY, define its height and length respectively by

N
H(x) = max |oi|, L(x)= Z} |zil.

It is easy to see that a set of points with height or length bounded by some fixed
constant is finite. In fact, for a positive real number R,

(1) {z eZ": H(z) < R} = (2[R] + )",
and
min([R],N)
w7V Ll _ k(N (1R]
(2) {z € Z" : L(z) < R} kZ:O 2 (k>(k>

where (1) is obvious and (2) follows from Theorem 6 of [4]; we write [R] for the
integer part of R. Therefore if we were able to prove the existence of a point € Z
with H(xz) < R or L(x) < R for some explicitly determined value of R, then the
problem of finding this point would reduce to a finite search. Thus we will consider
the following problem.
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Problem 1. Given a polynomial F(X1,..., Xn) € Z[X1, ..., Xn] in N > 1 variables
of degree M > 1, prove the existence of a point * € ZN of small height (length)
such that F(x) # 0 with an explicit upper bound on the height (length).

This problem, although of independent interest, is also closely related to an
important trend in Diophantine approximations. Consider the special case when
F(X) is homogeneous in N > 2 variables and decomposable into a product of
integral linear forms, i.e. suppose that

M
F(Xy, .. Xn) = [ Li(X1, ... Xan),
=1

where L;(X1,..., XN) € Z[ X1, ..., Xn] is a linear form for each 1 <i < M. Write

for each 1 < 4 < M. Then each such A; is a lattice of rank N — 1 in RV, and
the statement that F(x) # 0 for some = € ZV is equivalent to the statement that
xeZN\ Uzj\i1 A;. In this case Problem 1 can be restated as follows.

Problem 2. Let Ay, ..., Ay be sublattices of ZN of rank N — 1. Prove the existence
of a point x € ZN \ Uf\il A; of small height with an explicit bound on height.

More generally, suppose that 2 C ZV is a lattice of rank J, 2 < J < N, and let
A+, ..., Ay be proper sublattices of Q of respective ranks Iy,....,0, 1 < I; < J -1
for each 1 <4 < M. We can state the following generalization of Problem 2.

Problem 3. Prove the existence of a point x € '\ Ui\il A; of small height with
an explicit bound on the height.

Notice that this can be viewed as a certain extension of a classical Siegel’s Lemma
(see for instance [3], [16], and [19]), which guarantees the existence of a non-zero
point of small height in 2. Then Problem 3 is a version of Siegel’s Lemma with
additional linear conditions, and Problem 2 can be thought of as a problem inverse
to Siegel’s Lemma. Here is the main result of this paper.

Theorem 1.1. Let Q C ZV be a sublattice of rank J, 1 < J < N. Let Ay,...,Ay
be proper non-zero sublattices of Q0. Then there exists € Q\ Ui\i1 A; such that

3 J—1 M 1
(3) H(z) < ((5) J’ {Z g \/M} + J) H(Q).

i=1

A generalization of this theorem to the number field case is presented in the
companion paper [9]. The paper is organized as follows. In section 2 we treat
Problem 1 for a general polynomial in N variables of degree M with integer coef-
ficients and produce some basic results. The bounds on height and length depend
on N and M only. In fact, we produce simple bounds on both, height and length,
that depend only on M. In sections 3 and 4 we prove some technical lemmas on
counting lattice points in simple convex bodies in a Euclidean space. These lem-
mas are then used in section 5 to treat Problem 2 and Problem 3, proving Theorem
1.1. The bounds on height of the points in question in section 5 depend on M, N,
and heights of corresponding lattices. We also derive a sharper bound for Faltings’
version of Siegel’s Lemma (see Proposition 2.18, [8]) in our context as a corollary of
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the main result. Finally in section 6 we exhibit a simple application of our results
to a discrete version of the Tarski plank problem.

Before we can proceed we need to introduce some additional notation. We can
extend height to polynomials by evaluating height of their coefficient vectors. We
also define a height function on lattices. Let A C ZY be a lattice of rank J,
1 < J < N. Choose a basis @1, ...,xy for A, and write X = (x1 ... ) for the
corresponding N x J basis matrix. Then

A={Xt:tcZ'}.
On the other hand, there exists an (N — J) x N matrix A with integer relatively
prime entries so that
AC{xeZV:Ax=0).

Let Z be the collection of all subsets I of {1, ..., N} of cardinality J. Foreach I € 7
let I’ be its complement, i.e. I' ={1,..,N}\ I, and let Z' = {I' : I € T}. Then

- ()= (1)

For each I € 7, write X for the J x J submatrix of X consisting of all those rows
of X which are indexed by I, and ;A for the (N — J) x (N — J) submatrix of
A consisting of all those columns of A which are indexed by I’. By the duality
principle of Brill-Gordan [12] (also see Theorem 1 on p. 294 of [14])

(4) | det(X7)| = | det(r A)],

for an appropriate v € Q. Then define the vectors of Grassmann coordinates of X
and A respectively to be

GT‘(X) = (det(X]))]eI S Zm, GT(A) = (det(]/A))]/eI/ S Z‘I/‘,

and so by (4)
H(Gr(X)) = vH(Gr(A)).

Define height of A denoted by H(A) to be H(Gr(X)). This definition is legitimate,
since it does not depend on the choice of the basis for A. In particular, notice that
if N >2and

N

L(X1,..Xy) =Y ¢iXi € Z[X1,..., Xn]

i=1
is a linear form with a non-zero coefficient vector g having relatively prime co-
ordinates, and A = {x € Z" : L(x) = 0} is a sublattice of Z" of rank N — 1,
then

() H(A) = H(L) = H(q).

We are now ready to proceed. Results of this paper also appear as a part of [11].
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2. BASIC BOUNDS

In this section we prove the existence of integral points of small height and
length at which a given polynomial in N variables of degree M does not vanish.
Our bounds on height depend on M and N only. An application of results of this
section is exhibited in [10].

First let
M =M NM)={meZ;:mi+ ..+ my < M}.
Then let
F(X1,.n Xn) = Y fmX{" XEY € Z[Xy, ..., Xy],
meM’
be a polynomial (not necessarily homogeneous) in N > 1 variables of degree M > 1

with coefficients in Z. We write degy, (F) for degree of F' in the variable X; for
each 1 <14 < N, and deg(F') for the total degree of F. Let

m(F) = max degy, (F),
then m(F) < deg(F) = M.

Lemma 2.1. Suppose F(X) is not identically 0. Let S C C be a finite set of
cardinality at least m(F) + 1. Then there exists © € SV such that F(x) # 0.

This is an immediate corollary of Lemma 1 on p. 261 of [5]. Notice that the
assertion of Lemma 2.1 is best possible (i.e. |S| must be at least m(F) + 1) as seen
on the following example. Let S = {aq,...,ap} C Z, and let

N M
F(Xl, ...,XN) = Z H(Xl — aj).

i=1 j=1
Then for each € SV we have F(z) = 0, where m(F) = M = |S).

Lemma 2.2. Let F be as in Lemma 2.1. There exists @ € ZN with x; # 0 for all
1<i< N, F(x) #0, and
M+2

(6) H(z) < 5

Moreover, if F is homogeneous, then the upper bound of (6) can be replaced with
M+1
5

Proof. Recall that M > m(F), and let

s {- [t [4] ),

then |S| =2 ([%} + 1) > M + 1. Hence, by Lemma 2.1, there must exist € SV
such that F'(x) # 0.

Now assume that F' is homogeneous and M > 1. Notice that if forany 1 <¢ < N
the “diagonal” coefficient fare, # 0, then F(e;) = fue, # 0, and we are done.
Hence assume fpre; = 0 for all 1 < ¢ < N. Then each monomial of F' has degree
M and is a product of powers of at least two variables. Therefore m(F) < M — 1,
and so we can take

M—-1 M—-1
s (T i P ),
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then [S| = 2 ([252] +1) > M > m(F) + 1. Hence, by Lemma 2.1, there must
exist € SV such that F(x) # 0. This completes the proof. O

Next we want to produce a bound on length of an integral point at which F' does
not vanish. Consider  of Lemma 2.2. Notice that

N(M +2)
5 .
This is a trivial bound. We will produce a non-trivial bound on L(x) in a slightly
more restrictive situation. Let N > 2, M > 1 be integers, and write
M=M(N,M)={meZ :mi+..+my=M}.
For the rest of this section, let

F(X1,., Xn)= > fmX{". X" € Z[Xy, ..., Xn],
meM

(7) L(x) < NH(z) <

be a non-zero homogeneous polynomial in N variables of degree M with coefficients
in Z.

Lemma 2.3. Let F be as above. There exists a point © € ZV such that F(x) # 0,

(M+2)?

Proof. If M =1, then F is just a linear form in N > 2 variables. Its nullspace has
dimension N — 1, and so cannot contain all the standard basis vectors. Therefore
there exists * € Z" with £(z) = 1 and F(x) # 0. From now on assume that
M > 2. We can also assume that for each 1 < ¢ < N, the coefficient fare, = 0,
where eq,...,en are the standard basis vectors, since if for some 1 < i < N,
fMei 75 0, then F(el) = fMei 75 0.
We argue by induction on N. First suppose that N = 2, then we can write
M-1 M-1
F(X1,X5) =Y LXIX)T = XX Y XX

=1 i=1

and so X%F(Xl, 1) = Zi‘i;l fin_l is a polynomial in one variable of degree at
most M — 2, therefore it can have at most M — 2 nonzero roots, and so there must
exist an integer 8 with |3| < 22 + 1 such that F(3,1) # 0. Then x = (3,1) is

2
the required point with
M+2 _ (M+ 2)2

<
L)< ——<—%

since M > 2.

Next assume N > 2. For each 1 < i < N, define Fj;, i-th section of F, to be
the homogeneous polynomial in N — 1 variables of degree M obtained from F' by
setting ¢-th variable equal to 0. First suppose that all sections of F' are identically
zero, then

F(Xy,...,XNn)=X1.. XNG(X4, ..., XN),
where G is a homogeneous polynomial of degree M — N (this is only possible if
N < M). By Lemma 2.2 and (7), there exists * € ZY such that x; # 0 for all
1<j<N,G(x)#0, and

L(z) < = (M — N +2).

| =
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Then F(x) # 0. Let

1 M+2
=izt =12 XD,

then f achieves its maximum when z = %, and this maximum value is M.
Hence

M + 2)?
(8) L) < (%)
Next assume that for some 1 < i < N, F; is not identically zero. Then we are done
by the inductive hypothesis. This completes the proof. ([l

Notice that observations of (7) and Lemma 2.3 can be summarized as follows.

Proposition 2.4. Let F be as above. There exists a point € Z such that
F(x) #0, and

) L(a) < [@ min{N, M:2H,

where [ ], as above, stands for the integer part function.

Notice that if F' is irreducible, then the bound of Proposition 2.4 can be trivially
improved by replacing N with N — 1 in the upper bound, since we can set any one
variable equal to zero without making an irreducible polynomial identically zero.

3. LATTICE POINTS IN AN ALIGNED BOX

In the next two sections we produce estimates for the number of points of a
sublattice of the integer lattice in a closed cube in RY. These estimates are later
used to prove our main theorem.

Let A = (amn) be an N x N, uppertriangular, nonsingular matrix with real
entries. Let u,, < v, form=1,2,..., N and write

B(u,v) = {x € RY 4y < 2p < v}

We will be interested in estimating the number of points £ in ZY such that A&
belongs to the aligned box B(wu,v). To begin with we have the following special
result.

Lemma 3.1. Assume that a11 = azs = -+ = anny = 1 and vy, — Uy, is a positive
integer for each m =1,2,...,N. Then
N
(10) {& € ZN : Ag € B(u,v)} = [] (vm — um).
m=1

Proof. We argue by induction on N. If N = 1 the result is trivial because one
easily checks that the number of integer points & such that u; < & < v is equal
to [v1] — [u1]. As v; —uy is an integer we find that [v1] — [u1] = v1 — uq.
Now assume that N > 2. Let n be a point in Z¥~! with coordinates indexed by
n=2,3,...,N. Then define
N
In1={nezZN ' u,< Z AN < U, for m=2,3,... N}

n=m
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By the inductive hypothesis we have

N

(11) [In-1] = H(Um_um)'

m=2

If n is a point in Iy_; then the number of integer points &; such that

(12) up <&+ aien2 + agns + -+ ainny < o,
is v1 — u1. Clearly a point
&
2
E=| .
N

satisfies the condition A€ € B(u,v) if and only if n € Iy_; and & satisfies (12).
We have shown that the number of such points is

(v1 —w1)[In-1],

and this proves the lemma. ([

If we drop the condition that each edge length v,, — u,, is an integer then we
get the following estimates.

Lemma 3.2. Assume that a11 = ass = --- = anyny = 1, then
N N
(13) H [V — um] < [{€ € ZN : A€ € B(u,v)}| < H ([vm — um] + 1).
m=1 m=1

Proof. When proving the lower bound on the left of (13) we can assume that 1 <
U — U, for each m =1,2,..., N. Now select real numbers u!, and v/, so that

Um < up, < vl < vy oand v, —ul, = [V — up], for m=1,2,...,N.

As B(u/,v’") C B(u,v) the inequality follows from Lemma 3.1. To obtain the upper
bound on the right of (13) we argue in essentially the same way. Select real numbers
ulr. and v, so that

ur, < Uy < v <ol and vV, —ul = [V —um] +1, for m=1,2... N.

m

Then B(u,v) C B(u”,v"”), and again the inequality follows from Lemma 3.1. O

Next we drop the condition that the diagonal entries of the matrix A are all
equal to 1.

Corollary 3.3. Assume that the diagonal entries ai1,ass,...,ann are all positive.
Then we have

o0 T[] s ieenace nonon < TT([222] <)
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4. LATTICE POINTS IN CUBES

In this section we focus on the case when the box of section 3 is actually a cube,
and in this case extend the estimate of section 3 to lattices of not full rank.

For the rest of this section, let R > 1, and define

N N
— : <
Cp ={xeR max. |zi| < R},

to be a cube in RN centered at the origin with sidelength 2R. Given a lattice
ACZN of rank N — [ for 0 <1< N —1 and determinant A, we want to estimate
the number of points of A in CR. First notice that if A = AZ" has full rank, and
matrix A as in section 3 has fixed determinant A, then the right hand side of (14)
takes its maximum value when a,,,,, = 1 for N — 1 distinct values of m. This leads
to the following corollary.

Corollary 4.1. Let A C Z" be a lattice of full rank in RN of determinant A. Then
for each point z in RN we have

2R
(15) AN (CH +2)| < (K+1) 2R+ 1)V
Moreover, if R is a positive integer multiple of A, we have
2R)N
(16) CR < 1an(cd +2).

A

Now suppose that A of Corollary 4.1 is not of full rank. The bounds we produce
next, as well as the bound of Corollary 4.1, depend only on the lattice, not on the
choice of the basis as in (14).

Theorem 4.2. Suppose that A C ZV is a lattice of rank N —1, where1 <[ < N—1.
Let A be the maximum of absolute values of Grassmann coordinates of A, that is
A = H(A). Then for each point z in RN we have

(17) IAN(CR +2)| < <% + 1> (2R + 1)V,

Proof. Pick eg,, ..., e, such that the lattice
Spa’nZ{A7 (=7 R ekl} g ZN

has rank N. Write X = (z1...xy_;) for the N x (N — ) basis matrix of A. Let
k = (k1,..., k1), and let Ag be absolute value of the k-th Grassmann coordinate of
X and so of A (i.e. Ay is absolute value of the (N — 1) x (N —[) subdeterminant
of X obtained by removing the rows numbered ki, ..., k;; this is an invariant of
the lattice). Let Ly, ..., Ly, be distinct prime numbers so that Ly, t Ay for each
1 <3 <. Define

(18) Qk = spanz{ml, ...,.’BNfl,Lklekl, ...,Lklekl}.
Then A C Q C ZN, A # Q, and Q is a lattice of rank N. Notice that
ekl,...,ekl ¢ Qk.

Choose an integer basis a, ..., ay for Q so that the N x N basis matrix A =
(a1 ... ) is upper triangular, and

(19) 0<apj<an, Y1<n<N,1<j<N, j#n.
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Such a basis for Q exists uniquely by Corollary 1 on p. 13 of [5]. Notice that

l N
det(Q) = Ak [ [ Li. = [det(A)] = ] ann-
n=1

i=1
Fix an s, 1 < s <. Since Lg, is prime, Ly_|ay, for some 1 < n < N, and since
Li, 1 Ag this is the only a,, that Ly, divides. Since Lk, ek, € Q and A is upper
triangular, there must exist integers a1, ..., asy such that

N N
Lks = Z asiaiks, 0 = Zasiaij, V] 75 ks.
i=ks i=j
Case 1. Suppose ks = N. Then Ly = asyany, which implies that either
asy =Ly, ayy =1, or agy =1, ayny = Ly. However, if ayny = 1, then by (19)
any; =0foralll <i< N -1, and so ay = exy € Q, which is a contradiction.
Therefore ayy = L.

Case 2. Suppose ks < N. Then asyanyy =0, and so asy = 0. Then
Qs(N-1)&(N-1)(N-1) T @snann—1) = 0,
which means that ayy_1) = 0. Continuing in the same manner, we see that as; = 0

. N
for each i > ks. Hence Ly, = Ei:k QlsiQik, = QskOk,k,- By the same argument as
in case 1, this means that ay,r, = Lx,.

Therefore we proved that ap,x, = L, for all 1 < s <, and each L, does not
divide any other a.,,, hence

(20) 1T ann = A

Applying Corollary 4.1, we see that for any z € RV,
AN(CE +2)| < [UN(CR +2)|

l N
2R 2R
21 < [1(+ [ 2 _
(21) < (Lk +1) (am+1>
s=1 s n=1,n#k1,....k;

Since our choice of Lg,, ..., L
1 <s<I, and so

IAN(CR +2)] < ﬂ (§+1>1f[ lsirn (;—R—i-l)

a
n=1ln#ki,. kg >

(22) - 1 k<ﬁ+1>.

, was arbitrary, we will now let L;, — oo for all

A

ann

The right hand side of (22) takes its maximum value when a,, =1 for N — [ —1
distinct values of n. Therefore, applying (20) we obtain

(23) IAN(CY +2)| < (Z—Z + 1) (2R 4 1)NI71,

We can now specify how we select k. We want to do it so that the upper bound
in (23) is minimized. For this, let k be such that Ap is the maximal among all
the Grassmann coordinates of A, and call this maximum value A (notice that if
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Ay # 0, then the lattice spany{A, ek, , ..., ex, } € Z has rank N). This completes
the proof. O

The upper bounds in (15) and (17) are best possible as seen on the example of
A =spang{ei,..,en_;-1,Aen_i},

where 0 <[ < N —1.

Theorem 4.3. Suppose that A C ZV is a lattice of rank N —1, where1 <[ < N—1.
Let A be the mazimum of absolute values of Grassmann coordinates of A. Then for
every R that is a positive integer multiple of (N —1)A, we have

(QR)N_l
(N —)N-IA

Proof. Pick a basis x1,...,xy_; for A and write X = (z1 ... y_;) for the corre-
sponding N X (N —1) basis matrix. Let A be an [ x N matrix such that Az = 0 for
each x € A. Write A;, . ;,_, for the Grassmann coordinate of X, which is the deter-
minant of the submatrix of X whose rows are indexed by i1, ...,iny—; € {1,..., N}.
Write 671+t for the Grassmann coordinate of A, which is the determinant of the
submatrix of A whose columns are indexed by j1, ..., 51 € {1, ..., N}. By the duality
principle of Brill-Gordan [12] (also see Theorem 1 on p. 294 of [14]) we have

(25) A’L‘l...iNfl = (_l)ilerJriNil Y 6iN7l+1.“iNa

(24) <|ANCH.

for an appropriate v € R, where {i1,....,iN—1,iN—1+1, .-, in} = {1,..., N}. We can
assume without loss of generality that

(26) A=A (v = [y ||V =D N

Let X’ be the (N —1) x (N —1) submatrix of X whose rows are indexed by 1, ..., (N —
1), and let A’ be a lattice of full rank in RV~ generated by the column vectors of
X'. Then det(A’) = det(X’) = A, and so, by the lower bound of Corollary 4.1

(2R)N—l

—x

Suppose that y = (y1,...,yn—1) € A’ N Cgfl, then |y| < R, where R > 1. There
exists z = (21, ..., 1) € R! such that (y,2) = (y1,...,yn—1, 21, .-, 21) € A. We want
to establish an upper bound on |z|. By equation (4) on page 293 of [14], every
point x € A must satisfy the following system of linear equations:

(27) N NCoR T >

N
(28) D gt =0,
j=1

where i1, ..., 7;—1 assume all possible values; only N —1 of these equations are linearly
independent. It is easy to see that the sum on the left side of each equation like
(28) has only N — 1+ 1 terms: there are only N — [ + 1 possibilities for j since
the | — 1 values 41, ...,4;—1 have been preassigned. For each N -1l +1 < ¢ < N
let I; = {N —1+1,...,N}\ {i}, then the following | equations form a subset of
equations in (28):
N—1
(29) Dl 4 gD Ny = 0,

Jj=1
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Substitute the coordinates of the point (y, z) into (29), then we see that for each
1<i<

N-1
Slov—1+iyd
(30) Z SON—1F1)...N Yi>
and so
N-1
SlN—140)7
(31) |ZZ| S Z N 1+1). |y.7| < ( l)R7

SN —1+4)7

since each ‘W < 1 by construction, since §V=1+1--N ig the biggest in

absolute value among all the Grassmann coordinates of A, and |y| < R. Therefore

for each y € A’ N Cgil there exists z € R! such that (y,z) € AN C'(N )R> hence
_ 2R)N-!
2 ANCY > N eV s R
(3) | mC(R|—| QC%|—(N_Z)N_[A
This completes the proof. 0

Notice that the entire argument in the proof of Theorem 4.2, except for (27),
holds even if we drop the assumptions that A C Z~ and that R is a positive integer
multiple of (N — I)A. In particular, this is true for (32).

Remark. The problem of counting lattice points in compact domains has been
studied extensively. A long list of contributions on this subject can, for instance,
be found in the supplement iv of Chapter 2 (pages 140 - 147) of [13]. The vast
majority of such results is asymptotic in nature, which is not sufficient for our
purposes. Explicit bounds on the number of lattice points in convex bodies can
be found for instance in [17] and [20], however these bounds are, although quite
general in the choice of the convex body, depend on parameters which are hard to
compute. The advantage of bounds developed here in sections 3 and 4 is that they
are reasonably sharp and easy to use in the particular case needed for our main
result.

5. POINTS OUTSIDE OF A COLLECTION OF SUBLATTICES

In this section we consider Problem 2 and Problem 3. Throughout this section
N > 2. Given a sublattice  of Z" and a collection of proper sublattices A1, ..., Ay
of (2 we want to prove the existence of a non-zero integral point of small height in

M
Q\ Uiz, A

We start with a discussion of Problem 2, namely the case when Q = Z~ and
A1, ..., Ay are sublattices of ZY of rank N — 1. If these sublattices are maximal,
there exist uniquely (up to =+ sign) non-zero linear forms Ly (X),...,L(X) in N
variables with integer relatively prime coeffcients such that

A ={yeZ" : Li(y) =0}
Then, given such a collection of linear forms, we want to prove the existence of an
integer lattice point at which none of these linear forms would vanish.

A basic bound that depends only on the number of linear forms follows from
results of section 2. Take F(X) = L1(X)--- Ly(X). By Lemma 2.2, there exists
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an integer lattice point @ such that F(x) # 0, and so L;(x) # 0 for all 1 <4 < N,
with

M+1
(33) H(z) < ; .
Moreover, a bound of the form H(x) < MWN=1/N follows from [2], however the
constant there is not explicit.

We want to produce a result that depends on the actual linear forms, not just
on their number. We will obtain such a result as a corollary of Theorem 1.1,
which presents a solution to the more general Problem 3. Namely, we prove the
existence of a point of small height in a sublattice of the integer lattice outside of
a collection of its proper sublattices. We will now relate this problem to the lattice
point counting problem of sections 3 and 4 to prove our main theorem.

Proof of Theorem 1.1. For each 1 <1i < M let I; be the rank of lattice A;, then
0 < l; < J. Define a counting function of a variable R, which is a positive integer
multiple of JH (), by

M
(34) fo(®) =l2nCf|-|JAainch|,
1=1
then
M
fa(R) = |QNCR|=Y |ANCH|
=1
(2R)” <~ ( 2R -
D i
(35) > TH©Q ; 7 2R+ 1)l

where the last inequality follows by Corollary 4.1, Theorem 4.2, and Theorem 4.3.
Notice that fo(R) > 0 if and only if there exists a point € Q \ Ulj\il A; with
H(xz) < R. Hence ideally we want to find R, the smallest positive integer multiple
of JH(Q), so that fo(R) > 0. Recall that I; < J — 1 for each 7. Then using (35),

we have

R)> R’72 27 R? - 3771 = R-3"72M
fa(R) = <m> B ;H(Ai) - .

Therefore we want to solve for R a quadratic inequality

J M
(36) <%(Q)) R? 3771 <§ H(lAi)> R—3772M > 0.

It is not difficult to deduce from (36) that we can take R to be a positive integer
multiple of JH(2) such that

3 J—1 M 1
(37) R> (5) J7 {Z T +\/M} H(Q).
i=1 g

This completes the proof.

The dependence on H(Q)), H(A;) for each 4, and on M in the upper bound of
Theorem 1.1 seems to be best possible. Let M = 1, and take A; to be a sublattice of
Q of rank J — 1 generated by the vectors corresponding to the first J — 1 successive
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minima of Q with respect to a unit cube. Then the smallest vector in Q \ Ay will
be the one corresponding to the J-th successive minimum, and its height can be
approximated by H (). The dependence on H(A;) is sharp because it comes from
the upper bounds on the number of lattice points in a cube (see (15) and (17)),
which are best possible. Finally, the proof of Theorem 1.1 (specifically see (36))
suggests that dependence on M is essentially sharp.

Also notice that since Problem 2 is a special case of Problem 3, a solution to
it follows from Theorem 1.1 when J = N, ie. Q = Z", and I; = N — 1 for all
1 <4 < M. In this case we obtain a point & € Z" such that = ¢ Uf\il A; and

3 N-1 N M 1 \/_
H(:v)§<§> N ZH(Ai)—i_ M} + N.

i=1

Hence Theorem 1.1 can be thought of as a combination of Siegel’s Lemma and its
inverse problem of finding points of small height outside of a collection of sublattices.

In fact, a slightly better bound for the point in question in Problem 2 can be
obtained from the proof of Theorem 1.1. Notice that if Q = Z then in the lower

bound of (35) the quantity ﬁgz;) =( %) N can be replaced with the slightly larger

(2R+ 1)V, since |[ZV NCY| = (2R+1)¥ for positive integer values of R. This leads
to the following slightly sharper bound.

Corollary 5.1. Let L1(X),...,Ly(X) € Z[Xq, ..., Xn] be non-zero linear forms
with relatively prime coordinates. Then there exists € € ZN such that L;(x) # 0
for everyi=1,....,M and

M
(38) H(z) < Z %L) + VM.

Corollary 5.1 produces a better bound than (33) for linear forms with suffciently
large heights. Also, suppose that N is fixed and M grows. Then our collection must
contain linear forms with relatively large heights, since there are only finitely many
vectors of height < C in ZV for each C. This is definitely the more interesting
situation, since if M < N or if the two are comparable, there must exist integer
lattice points of height < N at which the linear forms do not vanish.

Another immediate corollary of Theorem 1.1 in case when M = 1 is a sharper
bound for a special case of Faltings’ version of Siegel’s Lemma (see [8], [15], and [7]).

Corollary 5.2. Let V and W be real vector spaces of respective dimensions dy and
dy. Let Q. =V NZ* and Qy = WNZ%. Let p:V — W be a linear map such
that p(Q1) C Qy. Let U = ker(p), and let @ = UNQy. Let J be the rank of Q. Then
for any subspace Uy of U which does not contain ) there exists a point x € Q\ Uy
such that

(39) H(x) < {zﬂ (g) . J} H©).

Faltings’ lemma is more general: it works with 5, Q9, and € being any lattices in
V, W, and U respectively, as well as any choice of norms on V' and W (our height
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is the sup-norm). However, the upper bound on H (x) which follows from Faltings’
lemma is

1
(40) H(z) < dT7™ H(Q)T%,

where d = dimg(U) and dy = dimg(Uy), so that d; > d > dy and d > J. Faltings’
method of proof is different from ours: it relies on Minkowski’s theorem about
successive minima.

6. TARSKI PLANK PROBLEM

We now consider a simple application of our results to a certain analogue of the
discrete version of the Tarski plank problem. First we provide some background.
By a plank of width h in RV we mean a strip of space of width h between two
parallel (N — 1)-dimensional hyperplanes. Let C' be a convex body of minimal
width w in RN, If C is covered by p planks of widths hq, ..., hy respectively, is it
true that hy + ... + h, > w? This question was originally asked by Tarski in [18].
It was answered affirmitively by Bang in [1]. One can also ask for the minimal
number of planks with prescribed widths that would cover C. The discrete version
of this problem (see for instance [6]) asks for the minimal number of (N — 1)-
dimensional hyperplanes that would cover a convex set of lattice points in RV. We
ask a somewhat different, but analogous question. Consider the set of all integer
lattice points in RY that are contained in the closed cube Cg , where R is a positive
integer as above. This set has cardinality (2R +1)". What is the minimal number
of sublattices of Z" of rank N — 1 required to cover this set? Let M be this number.
Then the inequality

(41) M>2R-1

follows immediately from (33). For such a sublattice A let L(X) € Z[Xq,..., XN]
be the linear form with relatively prime coefficients such that A = {y € Z" :
L(y) = 0}. An analogue of width of a plank in this case would be the quantity
H(L)™' = H(A)™!, and the sidelength of the cube C'X which is equal to 2R is an
analogue of the width of a convex body. Then we can state the following result,
which is an immediate corollary of Corollary 5.1.

Corollary 6.1. Let Ay, ..., Ay be sublattices of ZN of rank N — 1 each, such that
cNnzN c UMY, Ai. Then

Mooy
(42) ZH(Ai) > R — VM.

A similar problem is treated in [2]. Let C' be a compact convex body, which
is symmetric with respect to the origin in RY. Suppose that C' can be inscribed
into a cube C¥ as above. How many (N — 1)-dimensional subspaces of RY does
it take to cover C' N Z", the set of integer lattice points contained in C? Call
this number M. Theorem 2 of [2] provides an upper bound for M in terms of the
successive minima of C' with respect to Z~, which implies that M is of the order of
magnitude O(RN/(N=1) which is better than (41). However, the actual constants
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in the inequalities of [2] are not effectively computable, since they rely on successive

minima. More precisely, Theorem 2 of [2] states that
1

< ON N2 i ~N-m
(43) M < 2N 10gN0<mm11<1N()\m AN) N,

where 0 < A\; < ... < Ay < 1 are the successive minima of C' with respect to Z"
(the case Ay > 1is trivial: M = 1), and ¢ is an absolute constant.
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