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2 LENNY FUKSHANSKY

Part 1. Geometry of Numbers

1. NORMS, SETS, AND VOLUMES

Throughout these notes, unless explicitly stated otherwise, we will
work in RY, where N > 1.

Definition 1.1. A function || || : RY — R is called a norm if
(1) ||| > 0 with equality if and only if = 0,
(2) |laz|| = |a|||z| for each a € R, € RY,
(3) Triangle inequality: [z +y|| < [|z|| + [[y| for all z,y € RV,

For each positive integer p, we can introduce the L,-norm || ||, on

RY defined by
N 1/p
], = (Z |$i|p) :

i=1

for each © = (z1,...,zy) € RY. We also define the sup-norm, given
by
|| = max |z
1<i<N
Exercise 1.1. Prove that || ||, for each p € Z~¢ and | | are indeed

norms on RV,

Unless stated otherwise, we will regard RY as a metric space, where
the metric is given by the Euclidean norm || ||2; recall that for every
two points x,y € RY, Euclidean distance between them is given by

d(z,y) = [z - yll2

We start with definitions and examples of a few different types of
subsets of RY that we will often encounter.

Definition 1.2. A subset X C R" is called compact if it is closed
and bounded.

Recall that a set is closed if it contains all of its limit points, and it
is bounded if there exists M € R, such that for every two points &,y
in this set d(z,y) < M.

For instance, the closed unit ball centered at the origin in RV

By ={x e RY : ||z|, < 1}
is a compact set, but its interior, the open ball
By ={x e RY : ||z, < 1}
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is not a compact set.

Definition 1.3. A compact subset X C R¥ is called convex if when-
ever x,y € X, then any point of the form

te + (1 —t)y,

where t € [0,1], is also in X; i.e. whenever &,y € X, then the entire
line segment from @ to y lies in X.

Exercise 1.2. Let || || be a norm on RN, and let C € R be a positive
number. Define

An(C) ={z e RY : ||z|| < O}.
Prove that An(C') is a convex set. What is Ay(C) when || || = || |17

We now briefly mention a special class of convex sets. Given a finite
set X in RV, we define the convex hull of X to be the set

Co(X) = {Ztmaz:tmEOVweX, Ztmzl}.
xzeX xzeX
It is easy to notice that whenever a convex set contains X, it must also
contain Co(X). Hence convex hull of a collection of points should be
thought of as the smallest convex set containing all of them. Another
name for the convex hull of a finite set of points is convex polytope.

Remark 1.1. Some sources allow convex sets to be infinite, and then
define the notion of a convex hull for inifinite sets as well, thus distin-
guishing between an arbitrary convex hull and a convex polytope. For
us it will be the same thing.

There is an alternative way of describing convex polytopes. Recall
that a hyperplane in R¥ is a translate of a co-dimension one subspace,
i.e. a subset H in R" is called a hyperplane if

N
H:{:BGRN:Zaixi:b},

i=1
for some ay,...,an,b € R. Notice that each hyperplane divides RY
into two halfspaces. More precisely, a closed halfspace H in R is a
set of all £ € RY such that either Zf;l a;r; > b or vazl a;x; < b for
some ag,...,ay,b € R.

Exercise 1.3. Prove that each convex polytope in RN can be described
as a bounded intersection of finitely many halfspaces, and vice versa.

Remark 1.2. Exercise 1.3 is sometimes referred to as Minkowski-Weyl
theorem.
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Polytopes form a very nice class of convex sets in RV, and we will
talk more about them later.

There is, of course, a large variety of sets that are not necessarily
convex. Among these, ray sets and star bodies form a particularly nice
class. In fact, they are among the not-so-many non-convex sets for
which many of the methods of Geometry of Numbers still work, as we
will see later.

Definition 1.4. A set X C R¥ is called a ray set if for every € X,
te € X for all t € [0, 1].

Clearly every ray set must contain 0. Moreover, ray sets can be
bounded or unbounded. Perhaps the simplest examples of bounded
ray sets are convex sets that contain 0. Star bodies form a special class
of ray sets.

Definition 1.5. A set X C R is called a star body if for every
x € RY cither tx € X for all t € R, or there exists to(x) € Ry
such that tx € X for all t € R with |t| < to(x), and tx ¢ X for all
[t] > to(x).

Remark 1.3. We will also require all our star bodies to have bound-
ary which is locally homeomorphic to RV~ Unless explicitly stated
otherwise, all star bodies will be assumed to have this property.

Here is an example of a collection of unbounded star bodies:

where n > 1 is an integer.

There is also an alternative description of star bodies. For this we
need to introduce an additional piece of notation.

Definition 1.6. A function F' : RY — R is called a distance function
if

(1) F(x) > 0 for all x € RY,

(2) F is continuous,

(3) Homogeneity: F(axz) = aF(x) for all x € RN a € Rxy.

Notice that if f(X) € R[X},..., Xx] is a homogeneous polynomial
of degree d with real coefficients, then
F(z) =|f(z)""

is a distance function.
As expected, distance functions are closely related to star bodies.
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Exercise 1.4. If F is a distance function on R, prove that the set
X={xzecR": F(x)<1}
1s a bounded star body.
In fact, a converse is also true.

Theorem 1.1. Let X be a star body in RY. Then there exists a dis-
tance function F' such that

X={zecR":F(x) <1}

Proof. Define F in the following way. For every & € R such that
te € X for all t > 0, let F(x) = 0. Suppose that £ € RY is such that
there exists to(x) > 0 with the property that tx € X for all t < ty(x),
and tx ¢ X for all t > to(x); for such x define F(x) = @ It is now
easy to verify that F'is a distance function; this is left as an exercise,
or see Theorem I on p. 105 of [6]. O

Notice that all our notation above for convex sets, polytopes, and
bounded ray sets and star bodies will usually pertain to closed sets;
sometimes we will use the terms like “open polytope” or “open star
body” to refer to the interiors of the closed sets.

Definition 1.7. A subset X C RY which contains 0 is called 0-
symmetric if whenever x is in X, then so is —x.

It is easy to see that every set Ay (C') of Exercise 1.2, as well as every
star body, is 0-symmetric, although ray sets in general are not. In fact,
star bodies are precisely the 0-symmetric ray sets. Here is an example
of a collection of asymmetric unbounded ray sets:

1
Rn:{(xvy)eRQOSyS_}v
xn
where n > 1 is an integer. An example of a bounded asymmetric ray
set is a cone on L points xy,...,x; € RN ie. Co(0,xy,...,xL).
Exercise 1.5. Let X be a star body, and let F' be its distance function,
ie. X ={x € RN : F(x) < 1}. Prove that
Fle+y) < F(x) + F(y),

for all x,y € X if and only if X is a conver set.

Next we want to introduce the notion of volume for bounded sets
in RY. In general of course volume of a set X C RY is its Lebesgue
measure. However, for all our purposes a smaller degree of generality
will suffice.
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Definition 1.8. Characteristic function of a set X is defined by

() = 1 ifeeX
XXT=10 ife ¢ X

Definition 1.9. A bounded set X is said to have Jordan volume if
its characteristic function is Riemann integrable, and then we define
Vol(X) to be the value of this integral.

Remark 1.4. A set that has Jordan volume is also called Jordan mea-
surable.

Theorem 1.2. All convez sets and bounded ray sets have Jordan vol-
ume.

Proof. We will only prove this theorem for convex sets; for bounded ray
sets the proof is similar. Let X be a convex set. We can assume that
0 € X; if not, we can just translate X so that it contains 0 - translation
does not change measurability properties. Write X for the boundary
of X and write Sy_; for the unit sphere centered at the origin in R,
i.e. Sy_1 =0By. Define a map ¢ : 0X — Sy_1, given by
(@) = —
p(x) =
]|

Since X is a bounded convex set, it is not difficult to see that ¢ is
a homeomorphism. For each € > 0 there exists a finite collection of
points i,...,Tre € Sy—1 such that if we let Cs,(e) be an (N — 1)-
dimensional cap centered at x; in Sy_; of radius ¢, i.e.

Co;(e) ={y € Sy_1: [y — xi]|2 < e},
then Sy_; = UM C,,(e), and so 0X = U9 o' (C,,(¢)). For each
1 <i<k(e),let y;,z; € o~ (Cy,(€)) be such that

lyillo = max{[jz(l> : @ € ™" (Ca,(e))}
and

Izi]l2 = min{[|z> : & € ™" (Ca,(e))}-
Let d1(¢) and d2(¢) be minimal positive real numbers such that the
spheres centered at the origin of radii ||y,||2 and ||z;||2 are covered by
caps of radii d;(g) and d5(¢), Cy, () and Cs,(¢), centered at y,; and z;
respectively. Define cones

C} = Co(0,Cy, (), C? = Co(0,Cs,(¢)),
for each 1 <4 < k(e). Now notice that

k(e) k(e)
c;cxclycal,
=1 =1

—~

-
o
I
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and all the cones C}, C? have Jordan volume, hence the same is true
about their unions. Moreover,

k(e)
Vol U(C’}\Cf) — 0,

i=1
as € — 0. Hence X must have Jordan volume. O

This is Theorem 5 on p. 9 of [17], and the proof is also very similar.
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2. LATTICES
We start with an algebraic definition of lattices.

Definition 2.1. A lattice A of rank r, 1 <r < N, in RV is a free Z-
module of rank 7 such that spang(A) is a subspace of RY of dimension r.

Notice that in general a lattice in RY can have any rank 1 < r < N.
We will often however talk specifically about lattices of rank N, that is
of full rank. The most obvious example of a lattice is Z". In fact, every
lattice A has a basis, i.e. a collection of linearly independent (over R)
vectors that span A over Z. Then it is easy to see that a lattice A of
rank 1 < r < N with a basis a4,...,a, € RY will always be of the
form

T
spang{ay,...,a,} = @Zai.
i=1

Moreover, if y € A, then there exist ny,...,n, € Z such that

,
Yy = E na; = An,
i=1

where
n
n=|:|eZ,
n,
and A is an N X r basis matriz for A of the form A= (a; ... a,). In

other words, a lattice A of rank  in R" can always be described as
AN = AZ", where A is its N x r basis matrix with real entries of rank r.
Notice that bases are not unique; as we will see later, each lattice has
bases with particularly nice properties.

There is an alternative description of lattices. Notice that RY is
an abelian group under addition. Moreover, it is a locally compact
group; this means that for every point & € RY there exists an open
set containing & whose closure is compact, for instance take an open
unit ball centered at . More generally, every subspace V of RY is
also a locally compact abelian group. A subgroup I' of V is called
discrete if for each « € I' there exists an open set S C V such that
SNT = {x}. For instance, Z" is a discrete subgroup of R": for each
point & € Z" the open ball of radius 1/2 centered at x contains no
other points of Z". We say that a discrete subgroup I' is cocompact
in V if the quotient group V/I" is compact. From now on we assume
that all our discrete subgroups are cocompact.
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Exercise 2.1. Let A be a lattice of rank r in RN . Then V = spang A is
an r-dimensional subspace of RYN. Prove that A is a discrete subgroup
of V.

In fact, the converse is also true; Exercise 2.1 and Theorem 2.1 are
basic generalizations of Theorems 1 and 2 respectively on p. 18 of [17],
the proofs are essentially the same; the idea behind this argument is
quite important.

Theorem 2.1. Let V be an r-dimensional subspace of RY, and let T
be a discrete subgroup of V.. Then T is a lattice of rank r in RY.

Proof. In other words, we want to prove that I' has a basis, i.e. that
there exists a collection of linearly independent vectors aq,...,a, in "
such that I' = spang{a, ..., a,}. We start by inductively constructing
a collection of vectors aq, . .., a,, and then show that it has the required
properties.

Let a; # 0 be a point in I" such that the line segment connecting 0
and a; contains no other points of I'. Now assume aq,...,a;_; have
been selected; we want to select a;. Let

Hi—l = spanR{al, Ce ,ai_l},

and pick any ¢ € T'\ H;_;. Let P; be the closed parallelotope spanned
by the vectors aq,...,a;_1,c. Notice that since I' is discrete in V,
' N P, is a finite set. Moreover, since ¢ € P, ' N P, Q H;, ;. Then
select a; such that

d(a;,Hi_1) = min {d(y, Hi-1)},

yE(P,mF)\H,L-,l
where for any point y € R,
d(y,Hi-1) = inf {d(y,x)}.

@eH; 1
Let a4, ..., a, be the collection of points chosen in this manner. Then
we have
a; #0, a; ¢ spang{ay,...,a; 1} V2<i<r,
which means that aq, ..., a, are linearly independent. Clearly,

spang{ay,...,a,.} CT.
We will now show that

I Cspang{ay,...,a,}.
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First of all notice that a4, ..., a, is certainly a basis for V', and so if
x € I' CV, then there exist cy,...,c. € R such that

T
€T = Z c;a;.
i=1
Notice that
-
' =Y [cla; € spany{ar,....a,} C T,
i=1

and since I' is a group, we must have

r

z=x—x = Z(Cz — [ei]))a; €T

i=1
Then notice that
d(z,H,—1) = (¢ — [¢]) d(a,, H,—y) < d(a,, H,—1),
but by construction we must have either z € H,_q, or
dla,, H,—1) < d(z,H,_1),

since z lies in the parallelotope spanned by a4, ..., a,, and hence in
P, as in our construction above. Therefore ¢, = [c,]. We proceed in
the same manner to conclude that ¢; = [¢;] for each 1 < i < r, and
hence & € spang{ai,...,a,}. Since this is true for every & € I', we
are done. O

From now on, until further notice, our lattices will be of full rank in
RY, that is of rank N.

Definition 2.2. An N x N non-singular matrix A is called a basis
matrix for a lattice A in RY if its column vectors form a basis for A.

Theorem 2.2. Let A a lattice of rank N in RY, and let A be a basis
matrixz for A. Then B is another basis matriz for A if and only if there
exists an N X N integral matriz U with determinant £1 such that

B =UA.

Proof. First suppose that B is a basis matrix. Notice that, since A is
a basis matrix, for every 1 < i < N the i-th column vector b; of B can
be expressed as

N
bi: E uijaj,
Jj=1
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where ay, ..., ay are column vectors of A, and u;;’s are integers for all
1 < j < N. This means that B = UA, where U = (u;j)1<; j<n is an
N x N matrix with integer entries. On the other hand, since B is also
a basis matrix, we also have for every 1 <i < N

N
a; = E wijbj,
Jj=1

where w;;’s are also integers for all 1 < 7 < N. Hence A = W B, where
W = (wij)1<ij<n is also an N x N matrix with integer entries. Then

B=UA=UWB,
which means that UW = Iy, the N x N identity matrix. Therefore
det(UW) = det(U) det(W) = det(Iy) = 1,

but det(U),det(W) € Z since U and W are integral matrices. This
means that

det(U) = det(W) = +£1.

Next assume that B = UA for some integral N x N matrix U with
det(U) = £1. This means that det(B) = +det(A) # 0, hence column
vectors of B are linearly independent. Also, U is invertible over Z,
meaning that U~' = (w;;)1<i j<n is also an integral matrix, hence A =
U~!'B. This means that column vectors of A are in the span of the
column vectors of B, and so

A Cspang{by,...,bx}.

On the other hand, b; € A for each 1 < ¢ < N. Thus B is a basis
matrix for A. O

Corollary 2.3. If A and B are two basis matrices for the same lattice
A, then
| det(A)| = | det(B)].

Definition 2.3. The common determinant value of Corollary 2.3 is
called the determinant of the lattice A, and is denoted by det(A).

Exercise 2.2. Can you extend Theorem 2.2 and Corollaries 2.3 to
lattices of rank < N in RN ?

We now talk about sublattices of a lattice. Unless stated otherwise,
when we say €2 C A is a sublattice, we always assume that it has the
same full rank in RY as A. We will write [A : ©] for the index of  in
A as a subgroup. First we prove that a lattice always has a basis with
“nice” properties; this is Theorem 1 on p. 11 of [6].
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Theorem 2.4. Let A be a lattice, and Q) a sublattice of A. For each
basis by, ..., by of A, there exists a basis aq,...,ay of 1 of the form

a; =v;1by

ay = va1b1 + v22b9

where all vij € Z and vy; # 0 for all 1 < i < N. Conversely, for every
basis ay,...,ay of 2 there exists a basis by, ..., by of A such that the
relations as above hold.

Proof. Let by, ..., by be a basis for A. We will first prove the existence
of a basis a4, ...,ay for € as claimed by the theorem.

Exercise 2.3. Prove that there exists a positive integer D such that
Db; € Q) for each 1 <1 < N. What is D equal to?

By Exercise 2.3, there exist integer multiples of by, ..., by in €2, hence
it is possible to choose a collection of vectors aq,...,ay € € of the
form
(2
a; = Uijbja
j=1

for each 1 < i < N with v; # 0. Clearly, by construction, such a
collection of vectors will be linearly independent. In fact, let us pick
each a; so that |v;| is as small as possible, but not 0. We will now
show that aq,...,ay is a basis for €. Clearly,

spang{ay,...,an} C Q.
We want to prove the inclusion in the other direction, i.e. that
(1) Q C spang{as,...,an}.

Suppose (1) is not true, then there exists ¢ €  which is not in
spang{a,...,ayx}. Since ¢ € A, we can write

k
C = Z tjbj,
j=1

for some integers 1 < k < N and tq,...,%;. In fact, let us select a ¢ like
this with minimal possible k. Since vy, # 0, we can choose an integer
s such that

(2) |tk — svkk| < |Ulck|
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Then we clearly have
c— say € Q\ spang{ay,...,ay}.

Therefore we must have ¢, — svg, # 0 by minimality of k. But then (2)
contradicts the minimality of |vg|: we could take ¢ — say, instead of ay,
since it satisfies all the conditions that a; was chose to satsfisfy, and
then |vgx| is replaced by the smaller nonzero number |t — svgg|. This
proves that ¢ like this cannot exist, and so (1) is true, hence finishing
one direction of the theorem.

Now suppose that we are given a basis aq,...,ay for Q. We want
to prove that there exists a basis bq,...,by for A such that relations
in the statement of the theorem hold. This is a direct consequence
of the argument in the proof of Theorem 2.1. Indeed, at i-th step of
the basis construction in the proof of Theorem 2.1, we can choose i-th
vector, call it b;, so that it lies in the span of the previous i — 1 vectors
and the vector a;. Since by, ..., by constructed this way are linearly
independent (in fact, they form a basis for A by the construction), we
obtain that

a; € spany{by,...,b;} \ spany{by,..., b1},
for each 1 < i < N. This proves the second half of our theorem. O

Exercise 2.4. Prove that it possible to select the coefficients v;; in
Theorem 2.4 so that the matriz (vij)1<; j<n is upper (or lower) trian-
gular with non-negative entries, and the largest entry of each row (or
column) is on the diagonal.

Remark 2.1. Let the notation be as in Theorem 2.4. Notice that if A
is any basis matrix for €2 and B is any basis for A, then there exists an
integral matrix V' such that A = V B. Then Theorem 2.4 implies that
for a given B there exists an A such that V' is lower triangular, and
for for a given A exists a B such that V is lower triangular. Since two
different basis metrices of the same lattice are always related by mul-
tiplication by a unimodular integral matrix (i.e. element of GLy(Z)),
Theorem 2.4 can be thought of as the construction of Hermite normal
form. Exercise 2.4 places additional restrictions that make Hermite
normal form unique.

Here is an important implication of Theorem 2.4; this is Lemma 1
on p. 14 of [6].
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Theorem 2.5. Let Q C A be a sublattice. Then det(A)|det(€2); more-

over,
A0 = det(92)
T det(A)

Proof. Let by,...,by be a basis for A, and a4,...,ay be a basis for

2, so that these two bases satisfy the conditions of Theorem 2.4, and
write A and B for the corresponding basis matrices. Then notice that

B=VA,

where V' = (v;)1<ij<n is an N x N triangular matix with entries as
described in Theorem 2.4; in particular det(V) = [, |vi|. Hence

det(2) = |det(4)| = [ det(V)][ det(B)] = det(A) [T foal.

which proves the first part of the theorem.
Moreover, notice that each vector ¢ € A is contained in the same
coset of 2 in A as precisely one of the vectors

@b+ +agnby, 0< ¢ <v; V1<i<N,

in other words there are precisely [, |vi| cosets of Q in A. This
completes the proof. O

There is yet another, more analytic, description of the determinant
of a lattice.

Definition 2.4. A fundamental domain of a lattice A of full rank
in RY is a Jordan measurable set 7 C R containing 0, so that

RY = | J(F+a),
xzeA
and for every x Zy € A, (F+x)N(F+y) = 0.
Remark 2.2. Notice that for every point & € RY there exists uniquely
a point y € F such that
x =y (modA),
i.e. x lies in the coset y + A of A in RY. This means that F is a full

set of coset representatives of A in R,

Although each lattice has infinitely many different fundamental do-
mains, they all have the same volume, which depends only on the lat-
tice. This fact can be easily proved for a special class of fundamental
domains.
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Definition 2.5. Let A be a lattice, and ai,...,ay be a basis for A.
Then the set

N
f:{Ztiai:OSti<1, v1§@'§N},
i=1
is called a fundamental parallelotope of A with respect to the basis

ai,...,ay. It is easy to see that this is an example of a fundamental
domain for a lattice.

Exercise 2.5. Prove that volume of a fundamental parallelotope is
equal to the determinant of the lattice.

Fundamental parallelotopes form the most important class of funda-
mental domains, which we will work with most often. Notice that they
are not closed sets; we will often write F for the closure of a fundamen-
tal parallelotope, and call them closed fundamental domains. There is
one more kind of closed fundamental domains which plays a central
role in geometry of numbers.

Definition 2.6. The Voronoi cell of a lattice A is the set
V={z cRY: |zl < ||z -yl ¥y € A}.
It is easy to see that V is a closed fundamental domain for A.

The advantage of the Voronoi cell is that it is the most “round” funda-
mental domain for a lattice; we will see that it comes up very naturally
in the context of sphere packing and covering problems.

Notice that all the things we discussed here also have analogues
for lattices of not necessarilly full rank. We mention this here briefly
without proofs. Let A be a lattice in RY of rank 1 < r < N, and let
ai,...,a, beabasis for it. Write A = (a; ... a,) for the corresponding
N X r basis matrix of A, then A has rank r since its column vectors
are linearly independent. For any U € GL,(Z), UA is another basis
matrix for A; moreover, if B is any other basis matrix for A, there
exists U € GL,.(Z) such that B = AU. In other words, GL,(Z) is the
automorphism group of A. For each basis matrix A of A, we define the
corresponding Gram matrix to be M = AA?, so it is a square r X r
non-singular matrix. Notice that if A and B are two basis matrices so
that B = UA for some U € GL,(7Z), then

det(BB') = det((UA)(UA)") = det(U(AA")U")
= det(U)?det(AA") = det(AA").
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This observation calls for the following general definition of the de-
treminant of a lattice. Notice that this definition coincides with the
previously given one in case r = N.

Definition 2.7. Let A be a lattice of rank 1 < r < N in RV, and let
A be an N X r basis matrix for A. The determinant of A is defined

to be
det(A) = /det(AA?),

that is the determinant of the corresponding Gram matrix. By the
discussion above, this is well defined, i.e. does not depend on the
choice of the basis.

With this notation, all results and definitions of this section can be
restated for a lattice A of not necessarilly full rank. For instance, in
order to define fundamental domains we can view A as a lattice inside
of the vector space spang(A). The rest works essentially verbatim,
keeping in mind that if 2 C A is a sublattice, then index [A : €] is only
defined if rk(Q2) = rk(A).
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3. QUADRATIC FORMS

In this section we outline the connection between lattices and positive
definite quadratic forms. We start by defining quadratic forms and
sketching some their basic properties.

A quadratic form is a homogeneous polynomial of degree 2; for
now, we will consider quadratic forms with real coefficients. More
generally, we can talk about a symmetric bilinear form, that is a
polynomial

N N

B(X,Y)=> ) b;X;V; €R[X),..., Xy, Vi,... Y],

i=1 j=1
in 2N variables X,..., Xy, Y1,...,Yy so that b;; = b;; for all 1 <
1,7 < N. Such a polynomial B is called bilinear because although
it is not linear, it is linear in each set of variables, Xi,..., Xy and
Yi,...,Yn. It is easy to see that a bilinear form B(X,Y’) can also be
written as

B(X,Y) = X'BY,

where
bll b12 “ .. blN
. b12 b22 “ .. ng
bin ban ... byn

is the corresponding N x N symmetric coefficient matrix, and

X1 Y;
X = ) Y = )
XN Yn
are the variable vectors. Hence symmetric bilinear forms are in bijective

correspondence with symmetric N x N matrices. It is also easy to notice
that

(3)
B(X,Y)=X'BY = (X'BY) =Y'B'X =Y'BX = B(Y, X),

since B is symmetric. We can also define the corresponding quadratic

form
N N

QX)=B(X,X)=> > b;X;X; = X'BX.
i=1 j=1
Hence to each bilinear symmetric form in 2N variables there corre-
sponds a quadratic form in /N variables. The converse is also true.
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Exercise 3.1. Let Q(X) be a quadratic form in N wvariables. Prove
that
1

BIX,Y) = 5(Q(X +Y) - Q(X) - Q(Y))

s a symmetric bilinear form.

Definition 3.1. We define the determinant or discriminant of a
symmetric bilinear form B and of its associated quadratic form @ to
be the determinant of the coefficient matrix B, and will denote it by
det(B) or det(Q).

Many properties of bilinear and correpsonding quadratic forms can
be deduced from the properties of their matrices. Hence we start by
recalling some properties of symmetric matrices.

Lemma 3.1. A real symmetric matriz has all real eigenvalues.

Proof. Let B be a real symmetric matrix, and let A be an eigenvalue
of B with a corresponding eigenvector . Write A for the complex
conjugate of A\, and B and x for the matrix and vector correspondingly

whose entries are complex conjugates of respective entries of B and .
Then Bx = Ax, and so

Bx = Bx = Bx = \x = )T,
since B is a real matrix, meaning that 3 = B. Then, by (3)
Mz'Z) = (\z)'® = (Bx)'® = 2'Bx = ' O\x) = \(z'T),
meaning that A = ), since ‘& # 0. Therefore A € R. O

Remark 3.1. Since eigenvectors corresponding to real eigenvalues of a
matrix must be real, Lemma 3.1 implies that a real symmetric matrix
has all real eigenvectors as well. In fact, even more is true.

Lemma 3.2. Let B be a real symmetric matriz. Then there exists an
orthonormal basis for RN consisting of eigenvectors of B.

Proof. We argue by induction on N. If N = 1, the result is trivial.
Hence assume N > 1, and the statement of the lemma is true for N —1.
Let x; be an eigenvector of B with the corresponding eigenvalue ;.
We can assume that ||z;||s = 1. Use Gram-Schmidt orthogonalization
process to extend x; to an orthonormal basis for RY, and write U; for
the corresponding basis matrix such that @, is the first column. Then
it is easy to notice that U~! = U*.
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Exercise 3.2. Prove that the matriz U'BU is of the form

M 0 o 0
O ai e al(N,l)
0 aw-11 - -1 (N-1)

where the (N — 1) x (N — 1) matrix

a1 cee ai(N-1)

A= :
aN-D1 -+ AN-1)(N-1)

1s also symmetric.

Now we can apply induction hypothesis to the matrix A, thus obtaining
an orthonormal basis for RV~! consisting of eigenvectors of A, call
them y,,...,yy. For each 2 <7 < N, define

(O) e RV,
Y;

and let &; = Uy.. There exist Ay, ..., Ay such that Ay, = \y, for
each 2 <i < N, hence

Y,

U'BUY, = N\,

and so Bx; = \;x;. Moreover, for each 2 <7 < N,

0
o = (@i0) () ) =0

by construction of U. Finally notice that for each 2 <i < N,

el = (0 (2)) 0 (2) = 0w () = =1,

meaning that xi, xs, ..., xy is precisely the basis we are looking for.

U

Remark 3.2. An immediate implication of Lemma 3.2 is that a real
symmetric matrix has N linearly independent eigenvectors, hence is
diagonalizable; we will prove an even stronger statement below. In
particular, this means that for each eigenvalue, its algebraic multi-
plicity (i.e. multiplicity as a root of the characteristic polynomial) is
equal to its geometric multiplicity (i.e. dimension of the corresponding
eigenspace).
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Definition 3.2. A matrix U € GLy(R) is called orthogonal if U~ =
U', and the subset of all such matrices in GLy(R)

ON(R) = {U S GLN(R) . Uil = Ut}
is easily seen to be a subgroup, and is called the orthogonal group.

Exercise 3.3. Prove that a matriz U is in On(R) if and only if its
column vectors form an orthonormal basis for RY.

Lemma 3.3. Every real symmetric matriz B is diagonalizable by an
orthogonal matriz, i.e. there exists a matric U € On(R) such that
U'BU is a diagonal matriz.

Proof. By Lemma 3.2, we can pick an orthonormal basis wi,...,uy
for RY consisting of eigenvectors of B. Then let

U:(’U,l ’U,N),
so by Exercise 3.3 the matrix U is orthogonal. Moreover, for each
1<i<N,
where )\; is the corresponding eigenvalue, since
1= w3 = uu,.
Also, for each 1 <i# j < N,
wiBu; = ui(\ju;) = Aj(ujuy) = 0.

Therefore, U'BU is a diagonal matrix whose diagonal entries are pre-
cisely the eigenvalues of B. O

Remark 3.3. Lemma 3.3 is often referred to as the Principal Axis The-
orem. The statements of Lemmas 3.1, 3.2, and 3.3 together are usu-
ally called the Spectral Theorem for symmetric matrices; it has many
important applications in various areas of mathematics, especially in
Functional Analysis, where it is usually interpreted as a statement
about self-adjoint (or hermitian) linear operators. A more general ver-
sion of Lemma 3.3, asserting that any matrix is unitary-similar to an
upper triangular matrix over an algebraically closed field, is usually
called Schur’s theorem.

What are the implications of these results for quadratic forms?

Definition 3.3. Two real symmetric bilinear forms B; and Bs in 2N
variables are called isometric if there exists an isomorphism o : RY —
RY such that

Bl(O'ZB, Oy) = BQ<337 y)?
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for all ,y € RY. Their associated quadratic forms Q; and @, are also
said to be isometric in this case, and the isomorphism o is called an
isometry of these bilinear (respectively, quadratic) forms.

Remark 3.4. Isometry is easily seen to be an equivalence relation on
real symmetric bilinear (repsectively quadratic) forms, and the set of
all isometries between two isometric real symmetric bilinear (respec-
tively quadratic) forms is a group under function composition, which
correspons to respective matrix multiplication. We will slightly abuse
notation by identifying isometries with their matrices; as long as we
are operating on the whole of RY and not restricting to subspaces this
causes no confusion.

Notice that it is possible to have an isometry from a bilinear form B to
itself. This is the case when an isomorphism o : RY — R¥ is such that
B(cX,0Y) = B(X,Y), and so the same is true for the associated
quadratic form (). In this case it is easy to see that ¢ must come from
On(R); this means, in particular, that o preserves det(B), which makes
it well defined.

Definition 3.4. A symmetric bilinear form B and its associated qua-
dratic form () are called diagonal if their coefficient matrix B is diag-
onal. In this case we can Write

B(X ZbXYZ, QX Zb ,

where by, ..., by are premsely the diagonal entries of the matrix B.
With this notation we readily obtain the following result.

Theorem 3.4. FEvery real symmetric bilinear form, as well as its as-
sociated quadratic form, is isometric to a real diagonal form. In fact,
there exists such an isometry whose matriz is in On(R).

Proof. This is an immediate consequence of Lemma 3.3. U

Remark 3.5. Notice that this diagonalization is not unique, i.e. it is
possible for a bilinear or quadratic form to be isometric to more than
one diagonal form (notice that an isometry can come from the whole
group GLy(R), not necessarilly from Ox(R)). This procedure does
however yield an invariant for nonsingular real quadratic forms, called
signature.

Definition 3.5. A symmetric bilinear or quadratic form is called non-
singular (or nondegenerate, or regular) if its coefficient matrix is
nonsingular.
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Exercise 3.4. Let B(X,Y) be a symmetric bilinear form and Q(X)
its associated quadratic form. Prove that the following four conditions
are equivalent:

(1) B is nonsingular.
(2) For every 0 # x € RY | there exists y € RN so that B(x,y) # 0.
(3) For every 0 # x € RY at least one of the partial derivatives

oQ

(4) Q is equivalent to a diagonal form with all coefficients nonzero.

Remark 3.6. Exercise 3.4 tells us, among other things, that the state-
ment about a quadratic form being nonsingular is precisely equivalent
to the statement about its variety being nonsingular. In other words,
the notion of nonsingularity here coincides with the one in Algebraic
Geometry.

We now deal with nonsingular quadratic forms until further notice.

Definition 3.6. A nonsingular diagonal quadratic form ) can be writ-
ten as

QX) = ibinfj - ib’%‘X’?j’
j=1 j=1

where all coefficients b;,, by, are positive. In other words, r of the
diagonal terms are positive, s are negative, and r + s = N. The pair
(r,s) is called the signature of (). Moreover, even if @) is a non-
diagonal nonsingular quadratic form, we define its signature to be
the signature of an isometric diagonal form.

The following is Lemma 5.4.3 on p. 333 of [20]; the proof is essenitally
the same.

Theorem 3.5. Signature of a nonsingular quadratic form is uniquely
determined.

Proof. We will show that signature of a nonsingular quadratic form @)
does not depend on the choice of diagonalization.

Let B be the coefficient matrix of @, and let U, W € On(R) be two
different matrices that diagonalize B with colum vectors wy,...,uy
and wq, ..., wy, respectively, arranged in such a way that

Q(u1)7 s 7Q(ur1) >0, Q(u7"1+1)7 s 7Q(U’N> <0,
and

Q(wy),...,Q(w,,) >0, Q(Wwryy1),...,Q(wy) <0,
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for some 71,79 < N. Define vector spaces

Vit = spang{uy,...,u,, }, Vi = spang{u, 1,...,un},

and
V"t = spang{wy,...,w,,}, V, = spang{w,, 1,...,wy}.
Clearly, @ is positive on V;©, V," and is negative on V™, V, . Therefore,
VirnVy ="' nv = {0}
Then we have
ri+ (N =) =dim(V;" @V, ) <N,

and
ry+ (N =) =dim(V," @ V") < N,
which implies that ;1 = ry. This completes the proof. O

The importance of signature for nonsingular real quadratic forms is that
it is an invariant not just of the form itself, but of its whole isometry
class. The following result, which we leave as an exercise, is due to
Sylvester.

Exercise 3.5. Prove that two nonsingular real quadratic forms in N
variables are isometric if and only if they have the same signature.

An immediate implication of Exercise 3.5 is that for each N > 2, there
are precisely N+ 1 isometry classes of nonsingular real quadratic forms
in N variables, and by Theorem 3.4 each of these classes contains a
diagonal form. Some of these isometry classes are especially important
for our purposes.

Definition 3.7. A quadratic form (@ is called positive or negative
definite if, respectively, Q(x) > 0, or Q(x) < 0 for each 0 # x €
RY: @ is called positive or negative semi-definite if, respectively,
Q(x) > 0, or Q(x) < 0 for each 0 # = € RY. Otherwise, Q is called
indefinite.

Exercise 3.6. Prove that a real quadratic form is positive (respectively,
negative) definite if and only if it has signature (N,0) (respectively,
(0, N)). In particular, a definite form has to be nonsingular.

Positive definite real quadratic forms are also sometimes called norm
forms. We now have the necessary machinery to relate quadratic forms
to lattices. Let A be a lattice of full rank in R¥, and let A be a basis
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matrix for A. Then y € A if and only if y = Ax for some & € ZV.
Notice that the Euclidean norm of y in this case is

lyll2 = (Az)"(Az) = " (A'A)x = Qa(=),

where Q4 is the quadratic form whose symmetric coefficient matrix
is A'A. By construction, Q4 must be a positive definite form. This
quadratic form is called a norm form for the lattice A, corresponding
to the basis matrix A.

Now suppose C' is another basis matrix for A. Then there must
exist U € GLy(Z) such that C' = AU. Hence the matrix of the qua-
dratic form Q¢ is (AU)'(AU) = U'(A*A)U; we call two such matrices
GLy(Z)-congruent. Notice in this case that for each € RY

Qola) = ' UH(A' AUz = Qu(Uw),

which means that the quadratic forms Q4 and ()¢ are isometric. In
such cases, when there exists an isometry between two quadratic forms
in GLy(Z), we will call them arithmetically equivalent. We proved
the following statement.

Proposition 3.6. All different norm forms of a lattice A of full rank
in RN are arithmetically equivalent to each other.

Moreover, suppose that () is a positive definite quadratic form with
coefficient matrix B, then there exists U € On(R) such that

U'BU =D,
where D is a nonsingular diagonal N x N matrix with positive entries

on the diagonal. Write /D for the diagonal matrix whose entries are
t
positive square roots of the entries of D, then D = D /D, and so

B = (VDU)'(VDU).

Letting A = VDU and A = AZ", we see that Q is a norm form of A.

Notice that the matrix A is unique only up to orthogonal transforma-
tions, i.e. for any W € On(R)

(WA)L(WA) = A{W'W)A = A'A = B.

Therefore () is a norm form for every lattice WAZY, where W €
On(R). Let us call two lattices A; and A, isometric if there ex-
ists W € On(R) such that Ay = WA,. This is easily seen to be an
equivalence relation on lattices. Hence we have proved the following.

Theorem 3.7. Arithmetic equivalence classes of real positive definite
quadratic forms in N wvariables are in bijective correspondence with
isometry classes of full rank lattices in RN .
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Notice in particular that if a lattice A and a quadratic form @ corre-
spond to each other as described in Theorem 3.7, then

(4) det(A) = /[ det(Q)]-
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4. THEOREMS OF BLICHFELDT AND MINKOWSKI

In this section we will discuss some of the famous theorems related
to the following very classical problem in the geometry of numbers:
given a set M and a lattice A in RY, how can we tell if M contains
any points of A? Although our discussion will be mostly limited to the
O-symmetric convex sets, we start with a fairly general result; this is
Theorem 2 on p. 42 of [17], the proof is the same.

Theorem 4.1 (Blichfeldt, 1914). Let M be a Jordan measurable set
in RN, Suppose that Vol(M) > 1, or that M is closed, bounded, and
Vol(M) > 1. Then there exist x,y € M such that 0 # x —y € ZV.

Proof. First suppose that Vol(M) > 1. Let us assume that M is
bounded: if not, then there must exist a bounded subset M; C M
such that Vol(M;) > 1, so we can take M instead of M. Let

P={zcRY:0<r<1V1<i<N},
and let
S={ucZ: Mn(P+u)# 0}
Since M is bounded, S is a finite set, say S = {u1,...,u,,}. Write

M, = M N (P + u,) for each 1 < r < rg. Also, for each 1 < r < 1y,
define

M; = Mr — Uy,
so that M{,..., M/ C P. On the other hand, >, M, = M, and
M, NMy,=0forall 1 <r+#s<rg since M, CP+u,, M CP+u
and (P + u,) N (P + u;). This means that
o
1< Vol(M) = Vol(M,).
r=1
However, Vol(M]) = Vol(M,) for each 1 < r < ry,
T0
> Vol(M)) > 1,
r=1
but (J2, M; C P, and so
0
Vol (U M;) < Vol(P) = 1.
r=1
Hence the sets Mj, ..., M) are not mutually disjoined, meaning that

there exist indices 1 < r # s < rq such that there exists @ € M/ N M.
Then we have  + uw,,x + us € M, and

(x +u,) — (x+u,) =u, —u, € Z".
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Now suppose M is closed, bounded, and Vol(M) = 1. Let {s,}22,
be a sequence of numbers all greater than 1, such that
lim s, = 1.

By the argument above we know that for each r there exist
x, #vy, €s.M

such that @, —y, € Z". Then there are subsequences {x,,} and {y,, }
converging to points «,y € M, respectively. Since for each ry, ©,, —y,,
is a nonzero lattice point, it must be true that  # y, and x —y € ZV.
This completes the proof. U

As a corollary of Theorem 4.1 we can prove the following version of
Minkowski’s Convex Body Theorem; recall here that our convex
sets are always compact, i.e. closed and bounded.

Theorem 4.2 (Minkowski). Let M C RY be a convex 0-symmetric set
with Vol(M) > 2N. Then there exists 0 # © € M NZY.

Proof. Notice that the set

1 1
-M=<-xx:xeM
2 2

is also convex, 0-symmetric, and has volume 27 Vol(M) > 1. Ther-
erfore, by Theorem 4.1, there exist %w #+ %y € %M such that
1 1

—x— —yecZ".
o oY
But, by symmetricity, since y € M, —y € M, and by convexity, since
T, -y c Ma
1 1 1 1
—r—-Yy=_= —(—y) € M.
2% ¥ = 5% T 5(Y)
This completes the proof. 0

Remark 4.1. This result is sharp: the open cube
C={xcR":|z| <1}
has volume equal to 2V and contains no nonzero integer lattice points.

Next we consider a generalization of Blichfeldt’s theorem which was
proved by van der Corput in 1936, using a method of Mordell; this is
Theorem 1 on p. 47 of [17], and the proof is the same: this really is
just a generalized Dirichlet’s box principle.
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Theorem 4.3. Let k € Z~q, and let M C RY be a bounded Jordan
measurable set with Vol(M) > k. Then there exist at least k+1 distinct
points wy, ..., uxr1 € M such that

w—u; €EZNV1<ij<k+1
Proof. For each r € Z+~q let

N, = ‘{mEM:m:r_lu: <ﬂ,...,u—N>, ueZNH.
r r

Then, as 7 — 0o, N, ~ ¥ Vol(M). In particular, for a sufficiently large
r, N, > k. Notice that corresponding points w with r~'u € M are
distributed among at most r" different residue classes modr, hence
there must exist a residue class modr that contains at least k + 1
different points wy,..., wpy with r~tuq, ... v tup, € M. Notice
that for all 1 <i,j <k+1

rHw; — u,) € ZN,
and this finishes the proof. O

A generalized version of Minkowski’s theorem follows as a corollary
of Theorem 4.3, using the same type of argument as in the proof of
Theorem 4.2, but now referring to Theorem 4.3 instead of Theorem
4.1; we skip the proof - it can be found for instance on p. 71 of [6].

Theorem 4.4. Let k € Z~, and let M C RY be a convex 0-symmetric
set with Vol(M) > 2Nk. Then there exists distinct nonzero points

+xq, ..., tx, € MNZY.

Exercise 4.1. Prove versions of Theorems 4.1 - 4.4 where ZN is re-
placed by a general lattice A C RY or rank N and the lower bounds on
volume of M are multiplied by det(A).

Hint: Let A = AZ" for some A € GLy(R). Then a pointx € A~*M N
ZN if and only if Ax € M N A. Now one can think of multiplication
by A as a coordinate transformation with Jacobian equal to det(A) in
order to relate the volume of A=*M to the volume of M.

From now on we will assume the versions of Blichfeldt and Minkwoski
theorems for arbitrary lattices, as in Excercise 4.1.

We will now discuss some applications of these results, following
[17]. First we can prove Minkowski’s Linear Forms Theorem; this
is Theorem 3 on p. 43 of [17].
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Theorem 4.5. Let B = (b;;)1<ij<n € GLy(R), and let
N
Li(X) = sz‘ij
j=1

be correpsonding linear forms. Let c1,...,cy € Ryg be such that
c1...cy = |det(B)].
Then there exists 0 # x € Z™ such that
|Li(z)] < i,
for each 1 <i < N.
Proof. Consider parallelepiped
P={zcR":|Liz) <c¢;V1<i< N}
Notice that
Vol(P) = |det(B)|™'2%¢; ...en = 27,
and so by Theorem 4.2 there exists 0 # x € P NZY. U

Next application is to positive definite quadratic forms; this is The-
orem 4 on p. 44 of [17]. Let

N
T2

r(57)

(5) Wy =

be the volume of a unit ball in RY.
Theorem 4.6. Let
N N
QX) =) b;XiX; = X'BX
i=1 j=1

be a positive definite quadratic form in N wvariables with symmetric
coefficient matriz B. There exists 0 # x € ZN such that

det(B) ) Y |

2
W

Q) < 4 (

Proof. Notice that for each R € R.( the set
Eq = {z ¢ RV : Q(2) < R}

is an ellipsoid centered at the origin with

Vol(Er) = wny | %&3).
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Hence if N
det(B
e (2N
Wy
then Vol(Er) = 2V, and so by Theorem 4.2 there exists 0 # = €
ErNZN. U

Our next application is to produce a bound on the discriminant of a
number field. For this we will briefly review some notation and basic
facts. For a more in depth coverage of this material refer, for instance,
to [25].

A number field of degree d is a finite field extension K of Q with
[K : Q] = d. All such extenisions are primitive, i.e. there exists
f € K such that

K = Q[f] =Q(p).

In fact, dimension of Q[3] as a Q-vector space is precisely d, and
1,8,3%...,3% 1 is a basis for K over Q. All elements of K are al-
gebraic numbers, i.e. for each o € K there exists an irreducible
polynomial f,(z) with integer coefficients such that f,(«) = 0. This
polynomial is called the minimal polynomial of a. If K = Q(f),
then [K : Q] = deg(fs). If fo(x) is monic, i.e. has leading coefficient
1, then « is called an algebraic integer. Define Ok to be the set of
all algebraic integers in K, then O is a ring. In fact, although Ok is
not necessarilly a PID, it is always a Dedekind domain, i.e. prime
factorization of elements in O is not necessarily unique, but prime
factorization of ideals is.

There are d embeddings of K = Q(/3) into C that fix Q, sending /3
to one of its conjugates, i.e. to one of the roots of fz. We will label
these embeddings

0-17"‘70-7”77_17?17"‘77—87?87

where o; for all 1 < ¢ < r are real embeddings, and all 7;,7; for all
1 < 5 < s are pairs of complex conjugate embeddings. In particular,
d = r + 2s. Notice that for each 1 < i < r, g;(K) C R. Also,
for each 1 < j < s and o € K, we can represent 7;(«) as a pair
(Tj1(), Tja(@)) € R?, where 7;1 (), Tj2(c) are real and imaginary parts
of 7j (), respectively. Hence for each 1 < j < s, 7;(K) C R2. Therefore

_ . d
E— (017---7O-r77117712'--77—3177—82) . K—>R

is a vector space embedding of K into R% In fact, %(Of) is a lattice
of full rank in R?. In particular, this means that we can pick a Z-basis
for O, call it aq, ..., ay. We define discriminant of K to be

Dy = | det(al) 1< j<al?,
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l(]) = oj(a;) for each 1 < j < r, a
r+1<j<r+s, agj) =T,_r—s(y) foreach r+s+1 < j <r+42s=d,
here each 7;(a;) is thought of as a complex number, not as a pair of
real numbers. D, is a very important invariant of K, i.e. does not
depend on the choice of the basis a4, ..., aq.
For each a € Ok, there exist integers uq, ..., uq such that

d
0 =3 wa,
=1

for all 1 < j < d. In other words, these are particular sets of values of
of the system of linear forms

©)

where « ;= 1j_r(ay) for each

d
Li(x) = Zagj)xi, 1< <d.
i=1

For a fixed number r € R.(, consider a convex, 0-symmetric set

C.={xecR?: Z |L;(z)] <71}

The volume of this set turns out to be
2T7T57,d
d'\/|Dx|’

hence if r = {(4/7)*d!\/|Dk|}"/%, then Vol(C,) = 2¢, and hence by
Theorem 4.2 there exists 0 # u € C, N Z%. Then

Li(u),..., Ly(u)
are conjugates of some algebraic integer £ € K, and hence
|L1(’U,) e Ld(u)| S Z>0.

Using the inequality of the arithmetic and geometric mean, we see that

1< L) La(w)| < (;z |Lj<u>|> ,

Vol(C,) =

and so

1 < {(4/7)%d'\/| Dk ]|}

We have proved the following result; this is Theorem 5 on p. 46 of [17].

Theorem 4.7.
Dl = {(x/4)d*jd1}? > 1.
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Notice that Theorem 4.7 in particular implies that Dy — oo as d — oo,
i.e. a number field of large degree cannot have a small disciminant. A
geometric significance of discriminant can be expressed by the following
well-known identity:

det(E(OK)) =277 |DK’

Therefore Theorem 4.7 implies that when d is large, %(Of) is a lattice
not only of large rank, but also of large determinant. For a detailed
discussion of further deep applications of Minkowski’s theorem to al-
gebraic number theory see chapter 5 of [22].
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5. SUCCESSIVE MINIMA

Theorem 4.4 gives a criterion for a convex, 0-symmetric set to contain
a collection of lattice points. This collections however is not guaranteed
to be linearly independent. A natural next question to ask is, given
a convex, O-symmetric set M and a lattice A, under which conditions
does M contain 7 linearly independent points of A for each 1 <i < N7
To answer this question is the main objective of this section. We start
with some terminology.

Definition 5.1. Let M be a convex, 0-symmetric set M C R of non-
zero volume and A C RY a lattice of full rank. For each 1 < i < N
define the i-th succesive minimum of M with respect to A, \;, to
be the infimum of all positive real numbers A such that the set AM
contains 7 linearly independent points of A.

Remark 5.1. Notice that the N linearly independent vectors wy, ..., uy
corresponding to successive minima Aq,..., Ay, respectively, do not
necessarily form a basis. It was already known to Minkowski that they
do in dimensions N =1,...,4, but when N = 5 there is a well known
counterexample. Let

1000 2
0100 1
A:001OiZ5,
0001 1
0000%

and let M = Bs, the closed unit ball centered at 0 in RY. Then the
successive minima of Bs with respect to A is

)\1:"':>\5:17

since eq,...,e5 € By N A, and

11111\
=(=,=,=,=,= Bs.
€T (2727272a2> ¢ 5
On the other hand,  cannot be expressed as a linear combination of

ey,...,e; with integer coefficients, hence

spang{ey,...,es} C A.

An immediate observation is that

0<)\1§/\2§“'§/\N~
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Moreover, Minkowski’s convex body theorem implies that
A\ VN
A\ <9 det(A) '
Vol(M)

Can we produce bounds on all the successive minima in terms of
Vol(M) and det(A)? This question is answered by Minkowski’s Suc-
cessive Minima Theorem.

Theorem 5.1. With notation as abowve,

2N det(A) <N e < 2N det(A)
NIWVol(M) = "1 "N = "Nol(M)

Proof. We present the proof in case A = Z", leaving generalization of
the given argument to arbitrary lattices as an excercise. We start with
a proof of the lower bound following [17], which is considerably easier
than the upper bound. Let wq,...,uy be the N linearly independent
vectors corresponding to the respective successive minima Ay, ..., Ay,
and let

U1 ... UN1

U = (ul...uN) =
uinN ... UNN

Then U = UZ" is a full rank sublattice of Z" with index |det(U)|.
Notice that the 2N points

Uy un

N

lie in M, hence M contains the convex hull P of these points, which is
a generalized octahedron of volume

(6)

+

Ui Un1
N AT A 2N| det(U)| N
Vol(P) = — |det o : = >
APV = et E o T R S N
N

since det(U) is an integer. Since P C M, Vol(M) > Vol(P). Combin-
ing this last observation with (6) yields the lower bound of the theorem.

Next we prove the upper bound. The argument we present is due to
M. Henk [19], and is at least partially based on Minkowski’s original
geometric ideas. For each 1 < i < N, let

E; = spang{e, ..., e},
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the i-th coordinate subspace of RY, and define
\s
2

As in the proof of the lower bound, we take uq,...,uy to be the N
linearly independent vectors corresponding to the respective successive

minima Aq,...,Ay. In fact, notice that there exists a matrix A €
GLy(Z) such that

Aspang{uy,...,u;} C FE;,

for each 1 <i < N, i.e. we can rotate each spang{uy,...,u;} so that
it is contained in F;. Moreover, volume of AM is the same as volume
of M, since det(A) =1 (i.e. rotation does not change volumes), and

where \|,... Ny is the successive minima of AM with respect to Z".
Hence we can assume without loss of generality that

spang{uy,...,u;} C E;,
for each 1 <7 < N.

For an integer ¢ € Zq, define the integral cube of sidelength 2¢
centered at 0 in RV

N __ N .
Cq—{ZGZ ’z‘SQ}a
and for each 1 <7 < N define the section of Cév by FE;

Notice that C’év is contained in real cube of volume (2¢)", and so the
volume of all translates of M by the points of C’é\’ can be bounded

(7) Vol(C + My) < (2q+ )7,

where 7 is a constant that depends on M only. Also notice that if
x # vy € Z", then

int(x + M;) Nint(y + M;) = 0,
where int stands for interior of a set: suppose not, then there exists
z € int(x + My) Nint(y + M),
and so
(z—x)—(z—y) = y—zcint(M;)— int(M)
(8) = {21 —29: 21,20 € My} =int(\ M),
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which would contradict minimality of \;. Therefore
A\
(9) Vol(C¥ + My) = (2¢ + 1)V Vol(M;) = (2¢ + 1) (71) Vol(M).

To finish the proof, we need the following lemma.

Lemma 5.2. For each 1 <1< N —1,

\ N—i
(10) Vol(CN + Misq) > ( j\+1) Vol(CN + M,).

Proof. If \;y1 = \; the statement is obvious, so assume \;;; > A;. Let
x,y € Z" be such that

($i+17 s 73:]\7) 7é (yi-‘rl? v 7yN)
Then

(11) (z +int(Miy1)) N (y + int(Mg1)) =

0.
Indeed, suppose (11) is not true, i.e. there exists z € (x+int(M;11)) N
(y + 1nt(MZ+1)). Then, as in (8) above, * — y € int(\;;1M). But we
also have

Uy, ..., u; € int(A 1 M),
since A\j11 > \;, and so \;M C int(\; .1 M). Moreover, uy,...,u; € E;,
meaning that
ujp=0v1<j5j<i i+1<kE<N.
On the other hand, at least one of
Tk — Yk, 1+ 1< k<N,

is not equal to 0. Hence ® —y, w4, ..., u; are linearly independent, but
this means that int(\; 11 M) contains i + 1 linearly independent points,
contradicting minimality of A;;;. This proves (11). Notice that (11)
implies

VOI(C;V + Mz'-‘,—l) == (2(] + 1)N_i VOI(C; + MZ‘+1),
and
Vol(CN + M;) = (2¢ + 1)V Vol(Ci + M;),

since M; C M;,;. Hence, in order to prove the lemma it is sufficient to
prove that

, N \ VT .
(12) wmywh“z(;ﬁ Vol(C! + M;).

)
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Define two linear maps fi, f : RY — RY, given by

Ai Ai
fl(m) = ( )\—:lxla"'7)\_—:1'%‘1'7':61'4—17”'71‘]\/') )

A Ai
fg(iB) = (Ih. .. ,Ii,%$i+1, . .,%I]\[) s

and notice that fo(f1(M;)) = M1, fo(C}) = C}. Therefore

This implies that

‘ N \ VT ,
Vol(Cl + Miyy) = < ;1) Vol(C + £, (M),

and so to establish (12) it is sufficient to show that
(13) Vol(Cy + fi(M;)) > Vol(Cy + M;).
Let

EZJ_ = SpanR{eiJrla s 76N}7

i.e. Ei is the orthogonal complement of E;, and so has dimension
N —i. Notice that for every & € E;- there exists t(x) € F; such that

M; 0 (z + Ei) © (fu(M;) 0 (2 + E7)) + t(),

in other words, although it is not necessarily true that M; C fi(M;),
each section of M; by a translate of F; is contained in a translate of
some such section of fi(M;). Therefore

(Ci4+ M;) N (x+ E;) C (Ch+ f1(My)) N (x + E;)) + t(x),

and hence

Vol(C, + M;) = / Vol;((Cl + M;) N (x + E;)) da
zeE;

< / L\/oli((C';+fl(]\/fz‘))ﬁ(iU+Ei)) dx
— Vol(Cl 4 (M)

where Vol; stands for the i-dimensional volume. This completes the
proof of (13), and hence of the lemma. O
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Now, combining (7), (9), and (10), we obtain:

A
2¢+7)Y > Vol(CY + My) > ()\ N )Vol(CéV + My_y) > ...

N-1
A O\ Av-). T N
> = Vol(C M
B ()\N1> ()\N2> ()\1> NG+ M)
Vol(M
= Av... N\ ng )(2q—l—1)N,
hence v N N
2 2 2
Ao Ay < atyy =
Vol(M) \ 2¢+ 1 Vol(M)
as ¢ — 00, since q € Z-q is arbitrary. This completes the proof. O

We can talk about successive minima of any convex 0-symmetric
set in RV with respect to the lattice A. Perhaps the most frequently
encountered such set is the closed unit ball By in RY centered at 0.
We define the successive minima of A to be the successive minima
of By with respect to A. Notice that successive minima are invariants
of the lattice.
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6. INHOMOGENEOUS MINIMUM

Here we exhibit one important application of Minkowski’s successive
minima theorem. As before, let A C R” be a lattice of full rank, and let
M C R¥ be a convex 0-symmetric set of non-zero volume. Throughout
this section, we let

A <0< Ay
to be the successive minima of M with respect to A. We define the
inhomogeneous minimum of M with respect to A to be

p=inf{\ € Rog: AM +A =RV}

The main objective of this section is to obtain some basic bounds on pu.
We start with the following result of Jarnik [21].

Lemma 6.1.

<

N
Z i
=1

Proof. Let F' be the distance function corresponding to M, i.e. F'is
such that

DO | —

M={xcR": F(x) <1}
Recall from Theorem 1.1 that such F' exists, since M is a convex 0-
symmetric set, hence a bounded star body. In fact, F' can be defined
by
F(z) =inf{a € Ryy: x € aM},
for every « € RV.

Let z € RN be an arbitrary point. We want to prove that there
exists a point v € A such that

This would imply that z € (% ZZ]\LI )\i> M + v, and hence settle the
lemma, since z is arbitrary. Let wq,...,uy be the linearly independent
vectors corresponding to successive minima A, ..., Ay, respectively.
Then

Since uq, ..., uy form a basis for RY, there exist aq,...,anx € R such

that
N

z = E a;u;.

=1
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We can also choose integer vy, ..., vy such that
1 .
|ai_vi‘§§7 V1SZSN7

and define v = Zfil v;u;, hence v € A. Now notice that

F(z—v) = F (Z(ai - Ui)"i)

i=1

S Z|az_vz|F uz = Z)\zv

by the definition of a distance functlon and Exercise 1.5. This completes
the proof. O

Using Lemma 6.1 along with Minkowski’s successive minima theo-
rem, we can obtain some bounds on p in terms of the determinant of A
and volume of M. A nice bound can be easily obtained in an important
special case.

Corollary 6.2. If \; > 1, then
2N=IN det(A)
S — o
Vol(M)

Proof. Since

Theorem 5.1 implies

and by Lemma 6.1,
N
1 N
<—§ < .
M_2i21)\z_ 2)\N

The result follows by combining these two inequalities. O

A general bound depending also on A; was obtained by Scherk [34],
once again using Minkowski’s successive minima theorem (Theorem
5.1) and Jarnik’s inequality (Lemma 6.1) He observed that if A\, is
fixed and Ag, ..., Ay are subject to the conditions

2N det(A)
<. < < ——++=
>\1 = = >\N7 )\1 AN = v01<M) 3

then the maximum of the sum

A+ F AN
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is attained when
2N det(A)
o N AN NN TNl (M)

Hence we obtain Scherk’s inequality for u.

Corollary 6.3.

_N- 1)\ N 2N=1 det(A)
H= " T AN Tl ()

One can also obtain lower bounds for p. First notice that for every
o > i, then the bodies M + x cover RY as x ranges through A. This
means that pM must contain a fundamental domain F of A, and so

Vol(uM) = pu™N Vol(M) > Vol(F) = det(A),

hence

(14) 0> (\‘}jf&)))lm |

In fact, by Theorem 5.1,

det(A) NN gAY N
(Vol(M)) -

and combining this with (14), we obtain
(15) > —.

Jarnik obtained a considerably better lower bound for p in [21].

Lemma 6.4.

AN
> —.
H="3
Proof. Let uq,...,uy be the linearly independent points of A corre-
sponding to the successive minima Aq, ..., Ay of M with respect to A.

Let F' be the distance function of M, then
We will first prove that for every & € A,

1 1
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Suppose not, then there exists some @ € A such that F' (:v — l'u,N) <

2
%)\N, and so, by Exercise 1.5

1 1 1 1
Flx) < F <zc — §uN) + F <§'UIN) < 5)\1\/ + 5)\1\] = AN,

and similarly

1 1
F(UN—.’B) <F (iuN—IB) +F(§’U;N) < An.

Therefore, by definition of Ay,
T,uy — & € spang{u,...,uy_1},

and so uy = x + (uy — x) € spang{u,,...,uy_1}, which is a contra-
diction. Hence we proved (16) for all € A.

Exercise 6.1. Prove that

= in F(z — 2).
= gy mip o =)

Then lemma follows by combining (16) with Exercise 6.1. O

We define the inhomogeneous minimum of A to be the inhomo-
geneous minimum of the closed unit ball By with respect to A, since
it will occur quite often. This is another invariant of the lattice.
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7. SPHERE PACKINGS AND COVERINGS

In this section we will very briefly discuss the two very old and famous
problems that are closely related to the techniques in the geometry of
numbers that we have so far developed, namely sphere packing and
sphere covering. Both of these would make nice topics for potential
student presentations. An excellent comprehensive, although slightly
outdated, reference on this subject is the celebrated book by Conway
and Sloane [8]. Throughout this section N > 2, since packing and
covering problems in dimension N = 1 are clearly trivial.

Throughout this section by a sphere in RY we will really mean a
closed ball whose boundary is this sphere. We will say that a collection
of spheres {B;} of radius r is packed in R” if

int(B;) Nint(B;) =0, ¥ i # j,
and there exist indices i # j such that
int(B;) Nint(B]) # 0,

whenever B; and B’ are spheres of radius larger than r such that
B; € Bj, B; & Bj. The sphere packing problem in dimension N
is to find how densely identical spheres can be packed in RY. Loosely
speaking, the density of a packing is the proportion of the space occu-
pied by the spheres. It is easy to see that the problem really reduces to
finding the strategy of positioning centers of the spheres in a way that
maximizes density. One possibility is to position sphere centers at the
points of some lattice A of full rank in R"; such packings are called
lattice packings. Alhtough clearly most packings are not lattices, it
is not unreasonable to expect that best results may come from lattice
packings; we will mostly be concerned with them.

Definition 7.1. Let A C R” be a lattice of full rank. The density of
corresponding sphere packing is defined to be

A = proportion of the space occupied by spheres
volume of one sphere

volume of a fundamental domain of A

TN(,UN

det(A)’

where wy is the volume of a unit ball in RY, given by (5), and r is the
packing radius, i.e. radius of each sphere in this lattice packing. It
is easy to see that r is precisely the radius of the largest ball inscribed
into the Voronoi cell V of A, i.e. the inradius of V. Clearly A < 1.
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The first observation we can make is that the packing radius r» must
depend on the lattice. In fact, it is easy to see that r is precisely one
half of the length of the shortest non-zero vector in A, in other words

r= %, where \; is the first successive minimum of A. Therefore
A = _AMwn
2N det(A)

It is not known whether the packings of largest density in each dimen-
sion are necessarily lattice packings, however we do have the following
celebrated result of Minkowski (1905) generalized by Hlawka in (1944),
which is usually known as Minkowski-Hlawka theorem; we present
a partial case of it without proof (see Theorem 1 on p. 200 of [17] for
the general version with proof).

Theorem 7.1. In each dimension N there exist lattice packings with
density

(17) A S

where (s) = > p | 7 is the Riemann zeta-function.

Ironically, all known proofs of Theorem 7.1 are non-constructive, so it
is not generally known how to construct lattice packings with density
as good as (17); in particular, in dimensions above 1000 the lattices
whose existence is guaranteed by Theorem 7.1 are denser than all the
presently known ones. Some of the known lattices with relatively high
packing density come from rings of algebraic integers of number fields
with large degree and small discriminant, and from irreducible smooth
algebraic curves with many rational points over a finite field. These
approaches are explained in details in the work of Michael Tsfasman.

In general, it is not known whether lattice packings are the best
sphere packings in each dimension. In fact, the only dimensions in
which optimal packings are known are N = 2,3. In case N = 2,
Gauss has proved that the best possible lattice packing is given by the
hexagonal lattice

{0 (6 &)z

2

and in 1940 L. Fejes To6th proved that this indeed is the optimal pack-
ing. Its density is %ﬁ ~ 0.9068996821.
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In case N = 3, it was conjectured by Kepler that the optimal packing
is given by the face-centered cubic lattice

-1 =1 0
1 -1 0 |2z
0o 1 -1

The density of this packing is ~ 0.74048. Once again, it has bee shown
by Gauss in 1831 that this is the densest lattice packing, however until
recently it was still not proved that this is the optimal packing. It
seems now that the famous Kepler’s conjecture has been settled by
Thomas Hales in 1998. Theoretical part of this proof is published only
in 2005 [18], and the lengthy computational part is still forthcoming.
Best lattice packings are known in dimensions N < 8, however optimal
packing is not known in any dimension N > 3. There are dimensions

in which the best known packings are not lattice packings, for instance
N =11.

Next we give a very brief introduction to sphere covering. The prob-
lem of sphere covering is to cover RV with spheres such that these
spheres have the least possible overlap, i.e. the covering has smallest
possible thickness. Once again, we will be most interested in lattice
coverings, that is in coverings for which the centers of spheres are
positioned at the points of some lattice.

Definition 7.2. Let A C RY be a lattice of full rank. The thickness
of corresponding sphere covering is defined to be

© = average number of spheres that contain a point of the space
volume of one sphere

volume of a fundamental domain of A
RNWN

det(A)’

where wy is the volume of a unit ball in RY, given by (5), and R is the
covering radius, i.e. radius of each sphere in this lattice covering.
It is easy to see that R is precisely the radius of the smallest ball
circumscribed around the Voronoi cell V of A, i.e. the circumradius
of V. Clearly © > 1.

Notice that the covering radius R is precisely p, the inhomogeneous
minimum of the lattice A. Hence combining Lemmas 6.1 and 6.4 we
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obtain the following bounds on the covering radius in terms of succes-
sive minima of A:

AN

—<u=R<
2_,“ =

N

o< Now

i=1 2

The optimal sphere covering is only known in dimension N = 2, in
which case it is given by the same hexagonal lattice (18), and is equal
to /&~ 1.209199. Best lattice coverings are not in dimensions N < 5, and
it is not known in general whether optimal coverings in each dimension
are necessarily given by lattices. Once again, there are dimensions in
which the best known coverings are not lattice coverings.

N —

In summary, notice that both, packing and covering properties of a
lattice A are very much dependent on its Voronoi cell V. Moreover, to
silmuntaneously optimize packing and covering properties of A we want
to ensure that the inradius r of V is largest possible and circumradius
R is smallest possible. This means that we want to take lattices with
the “roundest” possible Voronoi cell. This property can be expressed
in terms of the successive minima of A: we want

A== Ay,

Lattices with these property are called ESM lattices (equal successive
minima); another term well rounded lattices is also sometimes used.

Notice that if A is ESM, then by Lemma 6.4 we have
A AN
2 2 — 7
although it is clearly impossible for equality to hold in this inequality.

r

Sphere packing and covering results have numerous engineering appli-
cations, among which there are apllications to coding theory, telecom-
munications, and image processing. ESM lattices play an especially
important role in these fields of study.
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8. REDUCTION THEORY

Throughout this section we let M C RY be a 0-symmetric convex
set of non-zero volume, and let A C R be a lattice of full rank, as
before. In section 5 we discussed the following question: by how much
should M be homogeneously expanded so that it contains N linearly
independent points of A7 We learned however that the resulting set
of N minimal linearly independent vectors produced this way is not
necessarily a basis for A. In this section we want to understand by how
much should M be homogeneously expanded so that it contains a basis
of A7 We start with some definitions.

As before, let us write F' for the distance function which corresponds
to M, i.e.

M={xcR": F(x) <1}.
Recall that since M is a convex 0-symmetric set
Fx+y) < F(z) + F(y).
Also write Aq,..., Ay for the successive minima of M with respect to A.

Definition 8.1. A basis {vy,...,vx} of A is said to be Minkowski
reduced with respect to M if for each 1 <i < N, w; is such that

F(v;) = min{F(v) : vy,...,v;_1,v is extendable to a basis of A}.

In the frequently occuring case when M is the closed unit ball By
centered at 0, we will just say that a corresponding such basis is
Minkowski reduced. Notice in particular that a Minkowski reduced
basis contains a shortest non-zero vector in A.

From here on let {vy,..., vy} be a Minkowski reduced basis of A with
respect to M. Then

Assume first that M = By, then F' = || ||. Write A for the corre-
sponding basis matrix of A, i.e. A= (v;...vy), and so A = AZN. Let
@ be the corresponding positive definite quadratic form, i.e. for each
x € RN

Q(x) = ' A" Ax.
Then, as we noted before, Q(x) = ||Az||3. In particular, for each
1<i<N,

Q(e) = [[vill2-

Hence for each 1 <i < N, Q(e;) < Q(x) for all  such that

Vi1,y... ,’Ui_l,ACL'
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is extendable to a basis of A. This means that for eavery 1 <i < N
(19) Qle) <Qx)Vx € Z, ged(xy,...,on) = 1.

If a positive definite quadratic form satisfies (19), we will say that it is
Minkowski reduced.

Exercise 8.1. Prove that every positive definite quadratic form is arith-
metically equivalent to a Minkowski reduced form.

Exercise 8.2. Let B = (b;j)1<ij<n be the symmetric coefficient matriz
of a Minkowski reduced positive definite quadratic form Q). Prove that

O<b11§bgg§"'§bNN>

and

Now let us drop the assumption that M = By, but preserve the
rest of notation as above. We can prove the following analogue of
Minkowski’s successive minima theorem; this is essentially Theorem 2
on p. 66 of [17], which is due to Minkowski, Mahler, and Weyl.

Theorem 8.1. Let vy = 1, and v; = (%)i_2 for each 2 < i < N. Then

Moreover,

N 3 (N71)2(N72) d t(A)
21 Flo,) <2V (2 L
(21) 11 (ve) < (2) Vol(M)

Proof. Tt is easy to see that (21) follows immediately by combining
(20) with Theorem 5.1, hence we only need to prove (20). We will only
prove (20) in case A = Z", leaving the general case as an exercise for
the reader.

It is obvious by definition of reduced basis that F'(v;) > A; for each
1 <i < N, and that F(v;) = A;. Hence we only need to prove that
foreach 2 <i< N

Let wy,...,uy be the linearly independent vectors corresponding to
successive minima Aq, ..., Ay, i.e.

Then, by linear independence, for each 2 < ¢ < N at least one of
uy, ..., u; does not belong to the subspace spang{wvi,...,v; 1}, call
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this vector u;. If the set vy, ..., v;_1,u; is extendable to a basis of ZV,
then by construction of reduced basis we must have

Ai 2 Aj = Flug) > F(vy),
and so it implies that A\; = F'(v;), proving (22) in this case.

Next assume that the set vy,...,v,_1,u; is not extendable to a
basis of ZV. Let v € spang{vi,...,v;_1,u;} be such that the set
v1,...,V;_1,v is extendable to a basis of Z". Then we can write

Uu; = 1{31'1]1 + e+ ki—lvi—l + muv,
where ki,...,ki_1,m € Z, and m > 2. Indeed, m # 0 since u; ¢

spang{vy,...,v;_1}; on the other hand, if m = 1 then
v € spang{vy,...,v;_1,u;},
which would imply that vy,...,v;_1,u; is extendable to a basis. Thus
m > 2, and we can write
1
V=001 + -+ QUi £ Uy,
m
where aq,...,q;_1 € R. In fact, for each 1 < k <14 — 1, there exists an
integer I, and a real number 3, with |8, < 5 such that
ag =l + B
Then
i1
vV = Z(Zk + 6k)vk —U,J Z lkvk + ’U
k=1
where v’ = Z;;ll Orvg %uj. Since v — v’ € spang{vy,...,v;_1}, it
must be that v/ € Z", and the set vy,...,v;_1,v" is extendable to a

basis of Z~. Then, by definition of v,;, we have

-1

< 1<2Fka +Fu]>_ <2ka +)\>.

k=1
Combining this with the previous case, we conclude that

1 (i |
(23) F(vi)gmax{)\i,ﬁ(;F(vk)—i-/\i)},V2§2§N.
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Hence we obtain
1
F(vy) < max {/\2, §(>\1 + )\2)} = A,

hence F(vq) = Ay. More generally, one can easily deduce (22) from
(23). This finishes the proof. O

As a corollary of Theorem 8.1, we can easily deduce the following
bound on the product of diagonal coefficients of reduced positive defi-
nite quadratic forms.

Exercise 8.3. Let

N N
QX) =) > biXiX;
i=1 j=1
be a Minkowski reduced positive definite quadratic form. Then
(N—-1)(N-=2)

al INE: 2
24 bii < — | = det ,
(21) =% (5) ct(Q)
where wy is the volume of a unit ball in RY | which is given by (5).

(Hint: let A = ZN, and let M be the convex body corresponding to the
distance function F = \/Q; apply Theorem 8.1.)

There are other reduction algorithms for lattice bases, most notably
there is a notion of Korkin-Zolotarev reduced basis, which has many
applications, for instance in coding theory. In general, depending on
particular situation or application one has in mind, one or another re-
duction may be preferable. The common feature of all reduced bases
is that they all contain the shortest non-zero vector of the lattice. Un-
fortunately, it is not known how to implement any of the reduction
algorithms to work in polynomial time on a Turing machine, i.e. on a
modern computer. In fact, the famous problem of finding the shortest
non-zero vector of a given lattice is believed to be NP-complete. For
practical applications, it is often sufficient to produce a close enough
approximation to such shortest vector. The most famous such approx-
imation algorithm is LLL, which stands for Lenstra, Lenstra, Lovasz.
LLL is a polynomial time reduction algorithm that, given a lattice A,
produces a basis by, ..., by for A such that

min_ [|bllz < 277 |,
1<i<N

where € A is a shortest non-zero vector. Some good references on
this subject are [23], [17], [1], and [29].
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9. LATTICE POINTS IN HOMOGENEOUSLY EXPANDING DOMAINS

Let M C RY be closed, bounded, and Jordan measurable with
Vol(M) > 0, and let A C R”Y be a lattice of full rank. Suppose we
homogeneously expand M by a positive real parameter t, i.e. for each
positive real value of ¢ we will consider the set tM. How many points
of A are there in tM as t grows? If M is convex and O-symmetric, then
a bound on this number can be derived from the generalized version
of Minkowski’s convex body theorem, namely Theorem 4.4. In this
section, however, we consider a more general set M as above, and will
be interested in asymptotic behaviour of the function

G(t) = G(t, M, A) = |tM N Al

as t — oo. In general, this is a very difficult question. We will need to
make some additional assumptions on M in order to study G(t).

Definition 9.1. Let S be a subset of some Eucildean space. A map
0: S —RY
is called a Lipschitz map if there exists C € R such that for all
x,yecsS
le(x) = o(y)ll2 < Clle —yll2.
We say that C is the corresponding Lipschitz constant.
Let
CN={xcRY:0<2,<1V1<i<N}
be the closed unit cube.

Definition 9.2. We say that S C R is Lipschitz parametrizable
if there exists a finite number of Lipschitz maps

@ ON — S
such that S = |J; ¢, (CV).
Let OM be the boundary of M, and assume that OM is (N — 1)-

Lipschitz parametrizable. Notice that for ¢t € R.g, O(tM) = toM. The
following result is Theorem 2 on p. 128 of [22].

Theorem 9.1. Let t € Ry, then
Vol(M
() = (M)
det(A)

where the constant in O-notation depends on A, N, and Lipschitz con-
stants.

tN Ot Y),
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Proof. Let a1,...,xyN be a basis for A, and let F be the corresponding
fundamental parallelotope, i.e.

N
]::{Ztiwi:ogti<l,V1§i§N}.

i=1
For each point € A we will write F,, for the translate of F by x:
Fe=F +.
Notice that if & € tM N A, then F, NtM # (). Moreover, either
Fe Cint(tM),
or
FeNO(M) £ 0.
Let
m(t) = {x € A: Fp € int(tM)}],
b(t)={x e N: FonNO(tM) # 0} .
Then clearly
m(t) < G(t) < m(t) + b(t).
Moreover, since Vol(F) = det(A)
m(t) det(A) < Vol(tM) =t Vol(M) < (m(t) + b(t)) det(A),

hence
m(t) < \d/(e’lt((%) N < m(t) + b(t).

Therefore to conclude the proof we only need to estimate b(t). Let
0:CNTt = oM

be one of the Lipschitz paramterizing maps for a piece of the boundary

of M, and let C be the maximum of all Lipschitz constants correspond-

ing to these maps. Then tp parametrizes a corresponding piece of

O(tM) = tOM. Cut up each side of C¥~! into segments of length

1/[t], then we can represent CV=! as a union of [t]¥~! small cubes with

sidelength 1/[t] each, call them Ci,...,Cyn~-1. For each such Cj, we
have

lo(@) — @)l < Clle —yll. <

for each @,y € C;, i.e. the image of each such C; under ¢ has diameter
at most C—V[J;]f’l Hence image of each such C; under the map ty has

diameter at most

C\/N—l[i—]§2C\/N—1.
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Clearly therefore the number of & € A such that the corresponding
translate F,, has nonempty intersection with tp(C;), for each 1 < i <
[t]¥=1, is bounded by some constant C’ that depends only on A, C, and
N. Hence

b(t) < '[N
This completes the proof. O

Theorem 9.1 provides an asymptotic formula for G(t), demonstrating

a very important general principle, namely that as t — oo, G(T) grows

. Vol(M) ;N
like det(A)t

any explicit information about the constant in the error term O(tV1).
Can this constant be somehow bounded, i.e. what can be said about
the quantity

, which is what one would expect. However, it does not give

; Vol(M) y

®) det(A)
A large amount of work has been done in this direction (see for instance
pp. 140 - 147 of [17] for an overview of results and bibliography).
This subject essentially originated in a paper of Davenport [9], who
used a principle of Lipschitz [24]; also see [41] for a nice overview of
Davenport’s result and its generalizations. We present here without
proof a result of P. G. Spain [39], which is a refinement of Davenport’s
bound, and can be thought of as a continuation of Theorem 9.1.

?

Theorem 9.2. Let the notation be as in Theorem 9.1, and let C be the
mazximal Lipschitz constant corresponding to parametrization of OM.
Then for each t € Ry,

Vol(M)

(t) - MW <2Vet+ 1)V
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10. ERHART POLYNOMIAL

As in section 9, let M C RY be closed, bounded, Jordan measurable
with Vol(M) > 0, and suppose that M is Lipschitz parametrizable
with maximal Lipschitz constant C. Let A C R¥ be a lattice of full
rank, then from Theorems 9.1 and 9.2, we can conclude that

B Vol M) v = v N=1\,
(25) G, M,A) =|tMNA| < )t+;26 o)

i.e. there is a polynomial bound on G(t, M, A) with coefficients depen-
dent on C. Under which conditions is G(t, M, A) equal to a polynomial?
This is known to happen for a more special class of sets. Here is the
simplest example of such a situation. Let A = Z", and

M ={x cR" :|z| <1},

then OM is Lipschitz parametrizable by linear maps, so maximal Lip-
schitz constant is equal to 1. Clearly for each t € Z+

(26) (LM A= (2t + 1) Zz( )t’

which is similar to the upper bound of (25) in this case.

For the rest of this section, let P C R¥ be a convex polytope such
that Vol(P) > 0, and vertices of P are points of Z"; we will say that
P is a lattice polytope. Write

G(tP) = !tP N ZN] )

We want to understand the behaviour of G(¢P) for all t € Z~o; specif-
ically, we will prove a famous theorem of Erhart, which states that
G(tP) is a polynomial in ¢. Our presentation closely follows [11]. First
we consider a special case of polytopes, namely simplices.

Lemma 10.1. Let aq,...,ay € Z" be linearly independent, and define
the simplex

N N
S:Co(O,al,...,aN):{Ztiai:ti20V1§i§N, Ztig}.

i=1 i=1

Then there exist 31, ..., 0By € Z>o such that for every t € Z~, we have

G(tS) =[tSNZN| = (N]\J; t) +é (N +]\’;_i)@-.
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Proof. Let A be the half-open parallelotope spanned by the vectors
a,...,ay, i.e.

N
:{Ztiai:Ogti<1V1§i§N}.

=1

For every y € tSNZY there exists a unique representation of y of the
form

N
(27) y=x+ Z o;a;,
i=1

where € ANZY and «ay,...,ayx € Zs. For each 0 < j <, let H;
be the hyperplane which passes through the points jaq,...,jay. We
will determine the number of points of Z" in H; NtS, and the number
of points of Z¥ NS in the strips of space bounded by H;_; and H; for
each 1 < j < ¢; notice that Hy = {0}.

First, let = 0 in (27). Then y as in (27) lies in H; if and only if

N
(28)  ai=j 0<a; <jV1I<i<N.

i=1
We will prove now that there are precisely (Nﬂ 1) possibilities for
aq, ..., ay satisfying (28) for each j. We argue by induction on N. If
N = 17 then there is only 1 = (é) possibility. Suppose the claim is true
for N — 1. Then there are (N+(§V_fg)_2) possibilities for aq,...,ay_1
such that

N—1
E a;p=J]—ay
i=1

for each value of 0 < ay < j. Then the number of possibilities for
aq, ..., ay satisfying (28) is

%) gj:o (N—l—(?'v—_o;]v)—2) :Z;(N]\Tif)

Then our claim follows by combining (29) with the result of the follow-
ing excercise.

Exercise 10.1. Prove that

ZJ:(NH—z) _ (N;;i?)

=0
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Now to find the number of points y as in (27) with = 0 on U;ZO H;,
we sum over j, using the result of Excercise 10.1 once again:

i(zv+j—1) B <N+t)

—\ N-1 N

If  in (27) lies properly between H, and Hj, then the number of
possible y as given by (27) that lie in U;ZO H; reduces to (N J;é_l).
Similarly, the number of possibilities for y as in (27) with « lying
properly between H; ; and H; or on H; is (NJ;Vt_i) foreach 1 <i<N.

Therefore, if 3; is the number of points & € AN Z" which lie properly
between H;_1 and H; or on H;, then the number of corresponding points

y as in (27) is
N+t—1
(")

Finally, in the case t < N, we let 3; =0 for each t +1 < ¢ < N. The
statement of the lemma follows.

O
Let ay,...,ay € Z" be linearly independent, and let S be the sim-
plex Co(0,ay,...,ay), asin Lemma 10.1. Define the pseudo-simplex

associated with S
S() = S\(CO<07G1,...,CLN_1> u...u CO(O,GQ,...,CLN>>.
Lemma 10.2. G(tS)) is a polynomial in t € Z>y.

Proof. We argue by induction on dimension of Sy. If dim(Sy) = 0, there
is nothing to prove, so assume the lemma is true for pseudo-simplices of
dimension < N. Let FU ... F®) be proper faces of S which contain
0 and satisfy

0<dim(FY)< N, V1<i<s.
Then
S\ So={0} UEY U ... U EY
is a disjoint union. By induction hypothesis,
G(t(S\ So)) = 1+ GUFM) + -+ + GRS

is a polynomial in . Hence, by Lemma 10.1,

G(tSo) = G(tS) — G(L(S\ Sy)) = G(tS) =1 — G(AF) = - — GHE™)
is a polynomial in . U

We are now ready to prove Erhart’s theorem.
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Theorem 10.3 (Erhart). Let P be a lattice polytope in RYN. Then
G(tP) is a polynomial in t € Z>g.

Proof. We can assume 0 to be a vertex of P, since such translation
would not change the number of integer lattice points. Notice that each
(N — 1)-dimensional face of P which does not contain 0 can be given
a decomposition as a simplicial complex whose 0-cells are the vertices
of this face. We can then join each simplex, obtained in this manner,
to 0 resulting in a decomposition of P into a simplicial complex whose
0-cells are precisely the vertices of P. Then P can be represented as a
disjoint union
P={0y us® u...u 8",

where Sél), cee Sér) are precisely the cells of this simplicial complex
which contain 0, but are not equal to {0}. The theorem follows by
Lemma 10.2. U

G(tP) as in Theorem 10.3 is called Erhart polynomial of P. An
excellent reference on Erhart polynomials, their many fascinating prop-
erties, and connections to other important mathematical objects is [2].
For a general lattice polytope P very little is known about the coeffi-
cients of its Erhart polynomial G(tP). Let

N
G{tP)=)» ca(P)t,
i=0

then it is known that the leading coefficient ¢y (P) is equal to Vol(P),
and cy_1(P) is (N —1)-dimensional volume of the boundary 9P, which
is normalized by the determinants of the sublattices induced by the cor-
responding faces of P. Also, ¢o(P) is the combinatorial Euler char-
acteristic y(P):

N

x(P) = Z(—l)i(number of i — dimensional faces of P).

i=0

The rest of the coefficients of G(¢P) are in general unknown, however

there are known relations and identities that they satisfy; see [2] for
further details.

Notice that (26) provides an explicit example of Erhart polynomial
in the simple case of a cube. To conclude this section, we will give two
more explicit examples of Erhart polynomial. The first one is for an
open simplex, which is precisely the interior of the simplex S of Lemma
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10.1 with a; = e; for each 1 < ¢ < N; the following observation along
with the proof is due to S. I. Sobolev.

Proposition 10.4. Define an open simplex

N
SO—{weRN:xi>OV1§z’§N, in<1}.
i=1

Then G(tS°) =0 if t < N, and for every t € Z~y,

(30) GtS°) = (t]_\f).

Proof. Let t > N, and notice that the simplex tS° can be mapped by
an affine transformation to the simplex

tS;={x eRY:0<ay < - <z <t}.

This transformation is volume-preserving and maps Z" to itself. In-
tegral points of ¢S] correspond to increasing sequences of integers
0 <y <--- <yny <t. The number of such sequences is precisely

(t;), which is the number of all possible N-element subsets of the set

{1t —1}. O

Notice that (30) can be thought of as a geometric interpretation of bi-
nomial coeddicients. The next example is related to the one in Propo-
sition 10.4, but is more general.

Proposition 10.5 ([4]). Let

N
SN:{meRN:Zmygl}.
i=1

Then for every t € Z~g
min{¢,N}
(NN [t
1 t = 2! .
(31) G(tSy) 2; ()()

Proof. Notice that for each 0 < i < min{¢, N} the number of points in
tSy N ZYN with precisely i nonzero coordinates is

(1))

Indeed, the number of choices of which coordinates are nonzero is (Zj );
for each such choice there are 2¢ choices of & signs, and (:) choices of
absolute values. Summing over all 0 < ¢ < min{¢, N} completes the
proof. O
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Remark 10.1. A remarkable property of the polynomial in Proposition
10.5 is that the right hand side (31) is symmetric in ¢t and N. This
means that

tSy NZN| = INS, N Z!|.
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11. SIEGEL’S LEMMA

In this section we conclude the Geometry of Numbers part of these
notes by discussing a topic which has many important connections to
Diophantine Approximations, thus providing a reasonable transition.
Recall that in the discussion of the shortest vector problem, we were
concerned with a polynomial-time algorithm that would allow us to
find the shortest nonzero vector in a lattice of full rank in R™. Such
an algorithm is not currently known, and is not necessarilly believed
to exist. Here we discuss a similar problem for certain lattices of not
full rank. More specifically, for the rest of this section A C RY will be
a lattice of rank N — M, 1 < M < N. More specifically, let

a1 Ce a1N
A=
apn .- AQpMN
be an M x N matrix with integer entries and rank equal to M. Define
A={xcZ": Ax = 0},
then A C RY is a lattice of rank N — M. We will say that A is the null-
lattice of the matrix A. Suppose we want to find a shortest nonzero

vector & € A. Here is one way to do it. Suppose that we can prove
that there must exist a nonzero vector x € A with

(32) [ll2 < Nfz| < f(A),

where f(A) = f(ai1,...,anmn) is some explicit function of the entries
of A. Then for each vector x € ZY with |||, < f(A) we can check
whether & € A, ordering them in the order of ascending norm, and
hence finding a shortest nonzero vector in A; f(A) like this is often
called a search bound for solutions of the linear system Ax = 0.
Therefore we are interested in proving the existence of a nonzero vector
x € A with explicitly bounded norm, as suggested by (32). An idea
of this sort was first used by A. Thue in 1909 [40], but formally stated
only in 1929 by C. L. Siegel [38]. Our presentation partially follows
36].

Theorem 11.1 (Siegel’s Lemma). With notation as above, there exists
0 # x € A with

(33) | < 24 (V]A
where |A] = max{|am,| : 1 <m <M, 1 <n<N}.
Proof. Let H € Z~q, and let

Oy ={x eRY : |z| < H}
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be the cube centered at the origin in RY with sidelength 2H. Then
|ICH NZN| = (2H + 1)V,

Let T4 : RN — RM be a linear map, given by Ty(x) = Az for each
x € RY. Notice that for every & € C¥,

[ Ta(z)| < NIA[H,
i.e. Ty maps CY onto C’%A‘H C RM since tk(A) = M. Now
|CNjar NZM] = 2N|A|H +1)M.
Now let us choose H to be a positive integer satisfying
(N|A|) 5 < 2H < (N|A|) ™% + 2.

Then

IcCyNzZN| = 2H+ 1N =@+ 1)M02H + 1)V M

> (2H + )M(N|ADY > 2N|A|H + )M

This means that T4 cannot be mapping CY NZ" onto C’J{\ﬁ AN ZM in

a one-to-one manner. Hence, there must exist & # y € C NZ" such
that Ta(x) = Ta(y), i.e.

TA<w - y) = 07
and so & —y € A. On the other hand,
2 —yl < |2| + y| < 2H < (N|A)T¥ +1,
and this finishes the proof. O

Notice that the main underlying idea in the proof of Siegel’s Lemma
was Dirichlet’s box prinicple, which we have already seen before. It
will make further important appearances in the theory of Diophantine
Approximations. It is remarkable that the exponent ﬁ in the upper
bound of (33) cannot be improved. To see this, let for instance M =
N — 1 and for a positive integer R consider the (N — 1) x N matrix

R -1 0 ... 0 O
O R -1 ... 0 O
o o0 o0 ... R —1
Then |A| = R, and every nonzero integer solution of the system of

linear equations Az = 0 must have xy = RY~'z;. Therefore, if

A= {xcZ": Ax = 0},
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and 0 # x € A, then
|| > RV~ = |A|7w,

Siegel’s Lemma type of results have been proved in a considerably
more sophisticated forms with the use of height functions and connec-
tions to Diophantine Geometry by a number of authors. Most notably,
see the celebrated papers of Bombieri and Vaaler [3] and of Roy and
Thunder [32], as well as a very nice overview of this subject in [36].
The original motivation came from Diophantine Approximations and
Transcedental Number Theory, where this principle was used to con-
struct polynomials of bounded height and high order of vanishing at
a prescribed set of points. Siegel’s Lemma, being a result in the Ge-
ometry of Numbers, is also often thought of as a result in Diophantine
Approximations, since by exhibiting explicit search bounds we are ap-
proximating solutions of a system of linear Diophantine equations.
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Part 2. Diophantine Approximations

12. DIRICHLET, LIOUVILLE, ROTH

Recall a classical theorem from real analyis (see, for instance, Theo-
rem 1.20 on p.9 of [33]).

Theorem 12.1. The set of rational number Q is dense inside of the
set of real number R, i.e. if v <y € R, then there exists z € Q such
that

T <z<uy.

Proof. Since y — x > 0, there must exist n € Z such that
n(y —x) =ny —nx > 1,
so nx + 1 < ny. Let m € Z-( be such that
m<nr+1l<m+1,

then we have
nr<m<nr+1<ny,
and hence
m
r< — <.
n

Let z = ™ € Q, and this finishes the proof. O

Theorem 12.1 implies that given a real number we can approximate
it arbitrarily well by rational numbers. For many purposes we may
want to control how “complicated” the rational numbers we use for
such approximations are, i.e. we may want to bound the size of their
denominators. This is the starting point of the theory of Diophantine
Approximations. The first result in this direction dates back to Dirich-
let, and is proved with the use of Dirichlet’s box principle; in fact, this
is most likely the theorem to which this principle owes its name. For
the rest of this section we follow [36].

Theorem 12.2 (Dirichlet, (1842)). Let o € R, and let Q € Z~o. There
exist relatively prime integers p,q with 1 < g < @ such that

p’ 1
a —

(34)

= q(@Q+1)

Moreover, if « is irrational, then there are infinitely many rational
numbers § such that

q

a—g‘g

1
q| = ¢

q

(35)
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Proof. If o is a rational number with denominator < @), there is nothing
to prove. Hence we will assume that either « is irrational, or it is
rational with denominator > (). Notice that

Tri—1
”’”IU[m’@H)'

=1

Consider the numbers {la}, 1 <[ < @ + 1, where { } denotes the
fractional part function, i.e. {z} = x—|x]. Clearly, all of these numbers
are distinct and lie in the interval [0,1).

i-1 i
Q+1 Q+1

the numbers {la}, 1 <1< @ + 1. In particular, subintervals [O, ﬁ)

Case 1. Suppose that each subinterval [ ) contains one of

and [%, 1) contain such points, so at least one of them must contain

some {la} with 1 <1 < Q. Therefore, either

1
(36) llov = [la]| < O+1
or
1
(37) lla — [la) — 1| < ot

This means that there exists an integer 1 < [ < @) and an integer m
equal to either [la] or [la] —1, depending on whether (36) or (37) holds,
such that

1

la —m| <

| ’_Q+1
Let d = ged(l,m), and let p= "% and ¢ = é, then

lqd d| < L

a — )

e =0

meaning that
a—]—)' 1 < 1

(S W@ D S QT

proving (34) in this case.

i—1 i
Q1 O+1
some 1 <i < @+ 1 does not contain any of the numbers {la}, 1 <[ <
@ + 1. Since there are () 4+ 1 such numbers and ) + 1 subintervals, one

of the subintervals must contain two such numbers, say [é;ﬁl, ﬁ) for

Case 2. Now assume that one of the subintervals [ ) for



MATH 662, SPRING 2006: LECTURE NOTES 65

some 1 < j < @+ 1 contains {la} and {ma} for some 1 <1 <m <
@ + 1. Therefore

1
|(ma = [mal) — (le = [la])| = |(m = Da = ([ma] = [la])] < R
Once again, let d = ged((m — 1), (jma] — [la])), and let p = %

and ¢ = mT_l, and so in the same way as above we obtain (34).

Exercise 12.1. Prove that if a = Q‘jrl for some integer a with

ged(a, @ +1) =1,
then there is equality in (34).

We can now derive (35) follows from (34): since ¢ < @,
P 1 1
| < < .
q‘ qQ+1) ¢

Now suppose that there are only finitely many rationals that satisfy
(35), call them

(38)

o —

noon
¢’ "Gk
Let
§= min |a -2 ,
1<i<k G
then § > 0, since « is irrational. Let () € Z~( be such that
1
— < 0.
Q@
By (38), there must exist § with 1 < ¢ < @ such that
P 1
a—=| < — <4,
q‘ q(Q+1)
hence § ¢ {%, ce 2’—:}, which is a contradiciton. Thus there must be
infinitely many such rationals. U

Remark 12.1. Notice that the argument that derives (35) from (34) is
very similar to Euclid’s proof of the infinitude of primes.

Hurwitz (1891) improved Dirichlet’s bound (35) slightly by show-
ing that for any irrational @ € R there exist infinitely many distinct
rational numbers § such that
o — E‘ < !

q] = Vb

(39)
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We will now show that in a certain sense (39) is best possible.

Lemma 12.3. Let a € R be a quadratic irrational satisfying f(a) = 0,
where

f(z) =ar* + bz +c
with a,b,c € Z and a > 0. Write D = b* — 4ac for the discriminant
of f. Then for any real number A > \/D, there are only finitely many
rationals § such that

(40)

P 1
- = < —.
“ q‘ Ag?

Proof. We know that « is one of the roots of f(z), then let 5 be the
other one, i.e.
f(z) =a(z — a)(z — B) = ar® — a(a + B)x + aaf,
meaning that b = a(a + ) and ¢ = aa. Therefore
D = b* — 4ac = a*(a — B)°.

Now suppose that for some 2 € Q (40) holds. Notice that since f(z)

is a quadratic polynomial with irrational roots, then
ap® +b cq? 1
0+ f(z_9>‘:|p hpa q'Z—Q,
q q q
since 0 # ap® + bpq + cq® € Z, hence |ap* + bpq + cq*| > 1. Therefore

1
NI
q q q q
a py__a _ b _
= Ap Q‘_qu <a q)ﬂﬁ "
D a a VD
Ag? q‘ - Aq?w al < A2q* - Ag?’

and subtracting X—g from both sides of the above inequality implies

1 \/5 a
—1-X=2) < .
e A A2q
The left hand side of this inequality is not 0 since A > v/D, and hence
9 a
< —FF.
TS Aa— VD)
This implies that there are only finitely many possibilities for the de-
nominator ¢, but for each such ¢ there can be only finitely many p so

that (40) holds. This completes the proof. U




MATH 662, SPRING 2006: LECTURE NOTES 67

Remark 12.2. Let a = %5, then the corresponding polynomial
f([[‘):l’2—£€—17

and its discriminant is D = 5. By Lemma 12.3, if A > /5 then there
are only finitely many § € Q such that

P 1
_ < _7
“ q]  Ag?

which proves that Hurwitz’s bound (39) is best possible.

More generally, for every quadratic irrational o there exists a con-
stant C'(a) > 0 such that for any ~ € Q

a——‘zc(g).
q q

In other words, quadratic irrationals are badly approximable.

b

(41)

Definition 12.1. An irrational number « is called badly approx-
imable if there exists a positive real constant C(«) such that (41)
holds for any § € Q.

As can be expected after the above discussion, algebraic numbers
although are not necessarilly badly approximable, are certainly “worth”
approximable than transcendental. This principle was first observed by
Liouville in 1844.

Theorem 12.4 (Liouville). Let o € R be an algebraic number of degree
d = deg(f) > 2, where f(x) € Z[z] is the minimal polynomial of o over
Q. Then there exists a positive real constant C(«) such that for any

P
QEQ

(42)

Proof. Let
d
flz) = Zaixi € Z|x].
i=0

Then, since d > 2 means that « is irrational, for each g € Q we have

d
0+#q'f (g) => ap'q" € L.

=0
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We can assume of course that ‘oz — g

()=o)

p "(u) : lao—u .
a—g‘max{f(UH <1

< 1. Then, since f(a) =0,

d

q ’ f'(u) du

p/q

1

IN

< ¢!

Then pick C(a) = (max{f"(u) : | —u| < 1})”", and the theorem fol-
lows. U

Liouville used his theorem to construct the first known example of a
transcendental number (recall that a complex number is called tran-
scendental if it is not a root of any polynomial with integer coeffi-
cients, i.e. if it is not algebraic).

Corollary 12.5 (Liouville). The number

[eS)
1

o = —
n=1 a

1s transcendental for any a € Z~yg.

Proof. Let a > 1. For every k € Z~, let

k
1
! i
szak'ZWa g = a" € Z.
n=1

Then
el = 11 & alktY 1 1
’ ol Z at gkt Z P a(k+1)!Zﬁ‘
n=k+1 n=k+1 n=0

Clearly Y 7, - is a convergent series, so let

=1
C:ZO(I_n7

and then we have

.. _ ¢ _c¢
q(k+D)! ql(gk—&-l) Q’é )

(43)

‘ Pk
a —_— —
qk

Now suppose that « is algebraic of degree d. Then, by Theorem 12.4,
there exists a constant C'(«) such that

‘Oé_@ Z C(?)7
qk 45




MATH 662, SPRING 2006: LECTURE NOTES 69

for every k € Z~o. However, if we take k large enough so that
C (o
P (d)
4 qy
then (43) implies a contradiction; more specifically, we just need to
take k large enough so that

Y

InC —InC(a)
Ina '
This completes the proof. O

E\(k — d) >

Remark 12.3. Numbers that can be proved to be transcendental using
Liouville’s theorem are called Liouville numbers; they form a set
of measure zero. In particular, e and 7 are not Liouville numbers;
moreover, most transcendental numbers are not Liouville. In general,
almost all numbers are transcendental, since the set of all algebraic
numbers is countable, and hence of measure zero.

Theorem 12.4 implies that if « is an algebraic number of degree d > 2
and p > d, then there are only finitely many 2 € Q with ged(p,q) =1
such that

o= <

q q*
Indeed, suppose there were infinitely many rational numbers for which
(44) holds. Let C'(«) be the constant guranteed by Theorem 12.4. Let
@ be an integer so that C'(a) > ﬁ Clearly there can be only finitely
many § with ged(p, ¢) = 1 for which (44) holds with ¢ < @, hence there
must be infinitely many such rationals with ¢ > (). Suppose § is one

of them, then

(44)

a_q<i_ 1 C(a)

q S i S T
which contradicts (42). This proves finiteness of the number of solu-
tions for (44).

For an algebraic number « of degree d > 2, what is the smallest
possible p for which (44) will have only finitely many solutions? Com-
bining the discussion above with Dirichlet’s theorem (Theorem 12.2),
we see that

2<pu<d+o,
for any § > 0. In 1908 Thue proved that p < =2 +§; in 1921 Siegel
proved that < v/2 d + 6. Dyson (1947) and Gelfond (1952) proved
that u < v2d + 8. The major breakthrough came with the famous
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theorem of Roth (1955) [31], for which he received a Fields medal in
1958.

Theorem 12.6 (Roth). Let o be an algebraic number. For any § > 0,
there are only finitely many rationals § with ged(p, q) = 1 such that
1

< =<
q2+5

p
a__

q
Remark 12.4. Dirichlet’s theorem shows that Roth’s theorem is best
possible, i.e. the exponent on ¢ in the upper bound cannot be improved.
Notice also that in case a has degree 2, Lemma 12.3 gives a better
result. An outline of the proof of Roth’s theorem can be found in [36];
complete versions of the proof can be found in [35], [10], and [31].

In other words, Roth’s theorem implies that if « is algebraic, then
the number of sufficiently good rational approximations to « is finite,
so perhaps one can actually count them, although we are not quite
ready to do this. If « is real, but not necessarily algebraic, there may
be infinitely many good rational approximations to «, however we will
now show that there are only finitely many of them within a finite
interval. To prove a result of this sort, we will first need a certain “gap
principle”.

Definition 12.2. A set S C R is called a C-set for a real number
C > 1 if for any two numbers m,n in .S, m < Cn and n < Cm.

Notice for instance that a C-set consisting of integers must be finite,
although unless we know at least one of its elements, we cannot say
anything about its cardinality.

Definition 12.3. A set S C R is called a ~-set for a real number
~v > 1 if whenever m,n € S and m < n, then ym < n.

Notice that a ~-set can be infinite, but it has a gap principle: its
elements cannot be too close together, i.e. there is always a gap between
them. A set S C Z-( that is both a C-set and a ~-set will be called
a (C,7)-set. Notice that a (C,~)-set is always finite. It is possible
to estimate the cardinality of a (C,~)-set without knowing anything
about its elements.

Lemma 12.7. Let C' > 1 and v > 1, and suppose that S C R is a
(C,~)-set. Then

log C'
(45) 19| <14 2=,

log ~y
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Proof. Clearly S is a finite set, so assume
S:{m0<m1<-~~<mk},
ie. |S| =k + 1. Then for each 0 <1i <k,

m; > moY,
and
Cmg > my, > moy
Hence
b < log C'
~ log~y
and (45) follows. O

Definition 12.4. Given C > 1, a window of exponential width C
is an interval of real numbers z of type

w§x<wc,

for some w > 1.
We can now use Lemma 12.7 to prove a bound on the number of good

rational approximations to a real number « in a window of exponential
width C' for any C' > 1. We will say that a rational number § is reduced

if ged(p, q) = 1.

Lemma 12.8. Leta« € R, 6 > 0, and C > 1. Let No(«) be the number
of reduced rational numbers g such that

P 1
o o=l
and q is in a window of exponential width C. Then
log C
47 N, <l+————.
(47) cla) <1+ log(1+ 0)

Proof. Notice that if x,y are in a window of exponential width C, then
w§x<w0§xc, w§y<w0§yc,

for some w > 1, hence z < y“ and y < ¢. Now suppose that % + z—i

are reduced fractions that satisfy (46) with ¢; < ¢2 in a window of
exponential width C. Then

- e — — — + o — —
41492 q1 q2 a1 q2
P1 D2 1 1 1
< la——|4+|jla——|< + < ,
- @ ‘ | 277 2370 T gt
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and so
42 > Q%H-
In other words, if ¢; < ¢y are denominators of the rational approxima-

tions %, Z’—; satisfying the hypotheses of the lemma, then

vlog ¢ < log g,

where v = 1 + 9, i.e. logarithms of these denominators form a v-set.
On the other hand, if ¢, ¢ are in a window of exponential width C,
then

log gy < C'log ga, log e < Clog gy,
that is these logarithms also form a C-set, hence they form a (C, 7)-set,
and by Lemma 12.7 the cardinality of this set is

log C' log C

CqgloeC L lsC
log~y log(1+ 0)

but this is precisely the number N¢(a). This completes the proof. [

Remark 12.5. Suppose that 1 < A < B are given, and suppose that we
want to know the number of reduced rational approximations ]Ej to the
real number a with

1
2q2+6 ’

o- 2\ <
q
and A < g < B. Notice that denominators ¢ lie in a window of

: : log B _:
exponential width C' = 5= since
log A?

log B

A: elogA S q S B = (éogA)@

Y

and so by Lemma 12.8, the number of such approximations is
log B
<1+ o (k’iA)
- log(1+0)
Definition 12.5. Let o € R and let § > 0. We will call § €Qa
J-approximation to « if ¢ > 0, ged(p, q) = 1, and

p 1
CTl T
A method similar to the proof of Lemma 12.8 yields the following

result; a proof of this can be found on p. 59 of [36].

<

Lemma 12.9. Let o € R, § > 0. The number of d-approrimations §
to a in a window w < q¢ < w®, where w > 41/0 g
log 2C'

14+ — .
=0 log(1 + 9)
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13. ABSOLUTE VALUES

We now start introducing the basic machinery of absolute values
and heights, which we will then use to investigate further questions in
Diophantine Approximations.

Definition 13.1. Let K be a field. An absolute value on K is a
function | | : K — Rx( such that for all z,y € K we have:

(1) |z| > 0 with equality if and only if z = 0,

(2) [yl = |=[lyl,

(3) Triangle inequality: |z + y| < |z| + |y|.
Sometimes (3) can be replaced by the stronger property:

(4) Ultrametric inequality: |z + y| < max{|z|,|y|}.

If | | satisfies (1), (2), (3), but fails (4), we say that it is archimedean
absolute value; if it also satisfies (4), it is called non-archimedean.

Here is the most basic example of an absolute value on K: it is called
the trivial absolute value, and is defined by

2] = 0 ifz=0,
11 ifx#0.
This is the only possible absolute value on a finite field.
We will say that two absolute values | |; and | |» on K are equivalent
if there exists 6 € R.( such that
x|y = |23

for all x € K. In this case we will write | |; ~ | |2. It is easy to
see that an archimedean absolute value cannot be equivalent to a non-
arhimedean one.

Exercise 13.1. Prove that ~ as defined above is an equivalence relation
on the set of all absolute values on K.

Exercise 13.2. Prove that the only absolute value equivalent to the
trivial one 1is itself.

Equivalence classes of nontrivial absolute values on K are called places.
The set of all places of K will be denoted by M(K). Notice that an
absolute value | | defines a metric on K:

(z,y) = |z —y|
for every z,y € K. Therefore | | induces a metric topology on K.

Moreover, we can talk about the completion of K with respect to this
topology. K equipped with the metric induced by | | is a metric space,
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we will write (K| |) to mean that we are thinking of K as a metric
space with respect to this metric. Recall that a metric space (K| |) is
called complete if every Cauchy sequence in K converges to a point
in K. The completion of (K| |) is the set of all equivalence classes
of Cauchy sequences on (K, | |), where two Cauchy sequences {a,} and
{b,} are equivalent if

lim |a, — b,| = 0.

Notice that | | is also defined on the completion of (K| |), and so this
completion also has a metric topology induced by | |. Then (K| |) is
complete if and only if it is equal to its completion; by “equal” here
we mean isometrically isomorphic as fields: it is a well known fact that
completion of a field is also a field, where addition and multiplication
on Cauchy sequences are defined component-wise.

Exercise 13.3. Prove that two absolute values | |1 and | |3 on K are
equivalent if and only if they induce the same topology.

Notice that for an absolute value | | on K, x — |z| is a homo-
morphism from the multiplicative group K* = {z € K : z # 0} to
multiplicative group R-y. Therefore:

(1) [1] =1,
(2) [¢] =1 for every root of unity ¢ € K, i.e. for every ( € K
such that (" =1 for some n € Z~,
(3) | — z| = |x|, for all x € K*,
(4) |a7t = |z|7, for all x € K*.
If L/K is an extension of fields and | | is an absolute value on L, then

its restriction to K is an absolute value on K. It is in general possible
that | | is non-trivial on L, but is trivial on K.

We will now demonstrate some standard absolute values on Q. The
first one is the usual absolute value, which we will denote by | |-

)0 = T if x >0,
) —z ifx<0.

Exercise 13.4. Prove that | | is an archimedean absolute value on Q.

Notice that | |, induces the usual metric topology on @Q; the completion
of Q with respect to this topology is R. Sometimes we will write Qu,
instead of R to stress this fact.

Now let p € Z be a prime, and define the p-adic absolute value | |,
on Q as follows. For each n € Z, let

|n|p _ p—u(n),
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where p#("™ is the largest power of p dividing n, hence |n|, < 1 for each

n € Z. Now for each ™ € Q, let
’@ . Iml,
n

p N |”‘p.

Exercise 13.5. Prove that | |, is a non-archimedean absolute value
on Q for each prime p € Z.

Exercise 13.6. Prove that
Z={a€Q:lal, <1V primesp € Z}.

The topology induced by | |, on Q is called p-adic topology; the com-
pletion of Q with respect to this is called the field of p-adic numbers,
and is denoted by @Q,. The set

Zp={a€Qy:|al, <1}

is a ring, and is called the ring of p-adic integers. Exercise 13.6
implies that Z C Z, for every prime p € Z. Moreover, if we write P
for the set of all primes in Z, then

7= ()1,
peP

Theorem 13.1 (Ostrowski, 1935). Any non-trivial absolute value on
Q is equivalent to either | | or | |, for some p € P.

Proof. We start with the following easy to prove fact.

Exercise 13.7. An absolute value | | on Q is non-archimedean if and
only if [n| <1 for every n € Z. Moreover, for any absolute value | | on
Q there exists p € R+ such that

(48) n| < [nf.

Now suppose | | is an absolute value on Q. We will use Exercise 13.7
throughout this proof, assuming without loss of generality that p = 1

in (48); indeed, | ]% is equivalent to | |, so it is not important whether
1
we prove that | |» or | | is equivalent to | | or | |, for some p € P.

Let a,b € Z~g, a > 1,b > 1. For any v € Z~, there exists integers
o, .-+, Cp With 0 < ¢; < @ and ¢,, # 0 such that

b =cy+ca+---+c,a.
Notice that by Exercise 13.7 for each 0 < i < n,

|Ci| S |Cz|oo S |a|<>o = a.
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Also notice that

a" < cpa” <bY,

and so n < Vllogb. Then
oga

b =111 < Y lellali < (n+1) amax{1,|a]}"
i=0

log b
< (1 + ”lozga ) amax{1, |a|}".

Therefore

vlogb

1/1/1 logb log b
bl < (1 + ) o max{1, a| 55— max {1, ]a] B52 }

log a

as v — 00, in other words

(49) b| < max{1,|a|%}.

Case 1. Assume | | is archimedean. Then by Exercise 13.7, there
exists b € Z such that |b|] > 1. Then by (49), |a| > 1 for every a € Z
except for -1,0,1. Therefore if a,b € Z, a,b > 1, then

1 1 1
b7 < Ja]ess < [plm,
and so
1 1
‘b|logb — |a‘loga.
We have
1< |b < |b|ee = b,

so |b] = |b|s, = b” for some 0 < p < 1, and hence

la| = [b| 7% = bPRoEs = af = |al?..
Same way therefore |a| = |a|?, for every a € Q.
Case 2. Assume | | is non-archimedean. Then by Exercise 13.7,

In| <1 for every n € Z, and since | | is non-trivial, there exists a € Z
such that |a| < 1. Let

I'={a€Z:|a| <1}.

Exercise 13.8. Prove that I is a prime ideal in Z.
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Therefore there exists a prime p € Z such that [ = pZ. Let 0 # a € Q.
Write

T
a=p—
Y

with x,y € Z such that pt zy. Then x,y ¢ I, hence
|| = [yl =1,
and so
af = |p"| = [p"
Since p € I, |p| < 1, so |p| = p~* for some s > 0. Then

ol =p™" = [r]}-

We have shown that | | must be equivalent to either | |5 or | |, for
some prime p. This completes the proof. O

Therefore we can write
M(Q) = {cc} UP,

this way indexing the archimedean place by oo, and non-archimedean
places by p for each p € P.

Theorem 13.2 (Artin - Whaples Product Formula). If 0 # a € Q,

then
al ] laly = 1.

peEP

Proof. Exercise. Il

Next we discuss absolute values on a number field K. If | | is an
absolute value on K, its restriction to Q is an absolute value on @,
and so must belong to either co or one of the p-adic places on Q.
Hence absolute values on K are precisely extensions of those on Q.
If v e M(K), we will write | |, for an absolute value that represents
it. We know that | |, extends either | |, or | |, for some p € P, and
we say that v lies over oo or p respectively; we denote it by writing
v|oo or v|p. The place v € M(K) is archimedean if and only if v|oo.
Sometimes we will write v f 0o to mean that v is non-archimedean, i.e.
lies over some p-adic place of Q. For each place u € M(Q) there may
be more than one place v € M (K) such that v|u, however each places
v € M(K) lies over precisely one place u € M(Q).
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First we describe all archimedean places of K. As in section 4 above,
let oq,...,0, be real embeddings of K, and 71,71,...,Ts, Ts conjugate
pairs of complex embeddings, then

r+2s=d=[K:Q).

Notice that since Qo = R C C, the absolute value | | is defined on R
and on C. Also, for each a € K

oi(a) € R, 7i(a),Tj(a) € C

foreach 1 <i<rand1<j <s. If pis one of these embeddings, then
we define an absolute value | |, on K by

lal, = [p(a)]se-
It is easy to notice that if | |, = | |7, for each 1 < j <'s. However, the
absolute values
| |Ul7""| |0'7-7| |T1""7| |7's

are not equivalent to each other. These represent all the archimedean
places of K. For each v € M(K), we will write K, for the completion
of K at v. If v|u for some u € M(Q), then K,/Q, is an extension of
fields, and we will define the local degree of K at v to be the degree
of this extension, and denote it by

d, = [K, : Qul.
We will also write sometimes Q, where v € M(K) to mean Q,,, where
u € M(Q) is the unique place over which v lies. Notice that if
v € M(K) is archimedean, then K, is either R or C, depending on

whether v is real or complex, i.e. corresponds to a real or to a complex
embedding. Therefore, for each v|oo

1 if visreal
d, = [Kv : QOO] - [K” ) R] o { 2 if v is complex.

Therefore
Z dy =1+ 25 =d.

v|oo

Next we describe non-archimedean places of K. Let p be a prime in
Z, so that (p) = pZ is a prime ideal in Z. Recall that Ok, the ring of
algebraic integers of K, is a Dedekind domain, which means that there
is unique factorization into prime ideals in Og. Notice that Z € Ok,
and so pOk is an ideal in Ok, although it may no longer be prime.
Then there exist prime ideals P, ..., P, and positive integers ey, ..., e
such that

pOx = Pt ... P,
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and Zle e; = d; each such ¢; is called the ramification degree of P;
over p. First we define |0|p, = 0. Now let 0 # a € Ok, then for each
P, 1 <i <k, define

ordp, a = max{j EZ:aepij}’
and let

ordp, a

p=p

The number ordp, a is well-defined due to unique factorization of ideals
into powers of prime ideals: it is precisely the power to which P; divides
aQk. Notice that K is the field of fractions of Ok, i.e.

K:{%:a,bEOK}.

Then for each a = ¢ € K with a,b € Ok, define

la

_a

Py

(50) |

P
Exercise 13.9. Prove that (50) defines an absolute value on K, which
restricts to the usual p-adic absolute value on Q.

Hence for each prime p in Z, we defined absolute values lying over it;
these are all the non-archimedean places of K. Suppose v € M (K) lies
over p, and P; is the corresponding prime ideal of O with ramification
degree e; over p. In a Dedekind domain every non-zero prime ideal is
maximal, hence P; is a maximal ideal, and so Ok /P; is a field; in fact,
it is a finite field of characteristic p, meaning that

Ok /P| = p",

for some f; € Z~q. This f; is called the inertia degree of P; over p.
Its siginificance for our purposes is that the local degree d, = [K, :
Q)] is equal to e;f;. A result from algebraic number theory implies
that if Py, ..., P, are prime ideals in Ok lying over a rational prime p
with respective ramification degrees ey, ..., e and ramification degrees

fi,.- ., fx, then
k

Z eifi = d.
i=1
In particular this means that
S
v|u

is true for any v € M(Q). The Artin - Whaples product formula works
over a number field in the same way as over Q.
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Theorem 13.3. If0 # a € K, then

H la|™ = 1.

veEM(K)

Example. Let K = Q(v/2), then d = 2. Since K is totally real, there
are no complex embeddings. Hence if v € M (K) is archimedean, then
K, =R, and so d, = 1. Since

> d, =2,
v|oo

K must have two archimedean places. These are precisely the places
corresponding to embeddings 01,05 : K — R, given by

01(V2) = V2, 05(vV2) = —V?2,

and fixing Q, hence oy is the identity. Let vi, vy be the archimedean
places corresponding to embeddings o1, o5 respectively. Notice that for
every a € K, there exist a,b € Q such that a = a + bv/2, hence

o)y = |o1(a+ bV2)| 0 = |a + bV2|,

and

|O‘|v2 = |02(a+ b\/§)|oo = la — b\/§|00~

Now let us look at non-archimedean places of K. Consider for in-
stance all places v € M (K) lying over 7. Notice that

7=(3+V2)(3-V2),

therefore the ideal 7Ok no longer prime in O splits as the product of
these two prime ideals:

70K:P1P27

where P; = (34 v/2)Ok and P, = (3—v/2)Ok. This means that there
are two places lying over 7, corresponding to P; and P, call them w,
and us respectively. Then d,, = d,, = 1. Notice for instance that

3+4V2€ P, 3+V2¢ P 3+V2¢ Py,
3—V2eP, 3-V2¢ P2 3-V2¢ P,

hence
‘3 + \/ﬁlm = 771, |3 - \/§|U1 = 707

|3 + \/§|U2 = 707 |3 - \/§|U2 =7
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Recall that prime ideals in Ok are maximal. This implies that 3 £ /2
are not contained in any other prime ideal of Ok, hence for every place
v € M(K) which is not equal to v, va, uy, or us, |34+ /2|, = 1. Hence

[T B=V2 =18+ V23— vt = 1.

veEM(K)

This is a demonstration of the product formula at work.

Remark 13.1. The same construction of absolute values as described
in this section can be carried out for any field extension of number
fields L/K. In this case, we would replace the ground field Q with K,
and talk about places of L lying over places of K in the same precise
manner. We will assume this more general construction in the next
section.
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14. HEIGHTS

In this section we introduce height functions, which serve as the main
tool used to measure arithmetic complexity. We use the notation of the
previous section, in particular let K be a number field of degree d over
Q, and let M(K) be its set of places. Let N > 2 be an integer. For
each place v of K we define a local height H, for each vector x € K
by

H,(x) = { (Zz]\il |xz|g>é if v|oo,

maxi <<y |Til, ifvtoo.

Then for each 0 # & € K, define the global height Hy by
(51) Hy(@)= [] Ho(x)™.

veEM(K)

Notice that for each 0 # x € KV, H,(x) = 1 for all but finitely many
places v of K, hence the product in (51) is actually finite, therefore
convergent, meaning that Hy is well-defined. Also notice that if 0 #
a€ K and 0 # x € KV, then

Hi(az) = ] laliH(2)"

veM(K)

(52) = II lel | II Ho@)" = Hk(2)
)

veM(K) veM(K

by the product formula. This means that Hg is a homogeneous func-
tion, and so is projectively defined. Indeed, define an equivalence re-
lation on KV \ {0} by writing & ~ y whenever x = ay for some
0 # a € K. It is easy to check that this indeed is an equivalence
relation, and we write [x; : --- : xy]| for the equivalence class of the
vector & = (xy,...,2y) € K, which is called the projective point
corresponding to @. The space of all projective points on K% is called
the (N — 1)-dimensional projective space over K, i.e.

PYNK) ={[x1: - an]: (21,...,25) € KV \ {0} }.

Notice that this is precisely the space of all lines through the origin
in KV, ie. the space of 1-dimensional subspaces of K. This is the
simplest example of the more general construction of Grassmannian
that we will encounter later. Then (52) implies that H is well-defined
on PV1(K), i.e. it can be viewed as a function Hg : PN 71(K) — R.q.
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Notice that the definition of Hx depends on K. Let L be an exten-
sion of K of degree e, hence [L : Q] = de. For each place v € M(L),
we will write e, = [L, : K,], hence [L, : Q,] = d,e,. Also notice that

E €y =€
veEM(L),v|u

for each place u € M(K). Suppose that 0 # x € KV, then

H H d'u@'u: H H H( )duev

veEM(L) ueM(K)veM(L),v|u

but since x € KV, H,(x) = H,(x) whenever v,v" € M(L) lie over the
same place u € M(K). Hence:

H H d 2veM(L)vju € — H H due _ HK(w)e.

ueM(K) weM (K

This suggests that if we want a height functlon that does not depend
on the ﬁeld of definition, we may want to introduce the normalizing

exponent Q] K o

Definition 14.1. Let Q be the algebraic closure of Q, i.e. the field of all
algebraic numbers. Define the absolute height H : @N \ {0} — Ry
by

H(w) = Hic(2)*T
for every 0 # x € @N, where K is any number field containing the
coordinates of . By the discussion above, H does not depend on the

choice of this number field. Once again, notice that H is projectively
defined. We will also adopt a convention that H(0) = 1.

We also define the inhomogeneous height hy : K — R, by
hi(x) = Hi (1, ),
for every & € K¥, and the absolute inhomogeneous height h :
—N
Q — Ry by .
h(z) = hg(x) =,
for every x € @N, where K is any number field containing the coordi-

nates of . Notice that hx and h are no longer projectively defined,
ie. if @ € Q, then h(ax) is not necessarily equal to h(x). Also notice

that for every @ € @N,
H(x) < h(x).

For any algebraic number o € Q, we define its Weil height to be
h(a) = H(1, ).
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We now briefly outline the basic properties of heights.

Exercise 14.1. First suppose that x € 7Z is such that
ged(xy,...,zn) = 1.

Prove that

D=

H(z) = |lz|ls = (21 + - +2%) 7,
i.e. height on Z" is just the Buclidean norm.
Next assume that 0 # xo € Z, and

T = (ﬂ,...,x—N> e QV,
o Zo
is such that ged(zxg, x1,...,xn) = 1. Then prove that
1
h(x) = (x5 + 2]+ +2})?,

i.e. the inhomogeneous height on QY is just the Fuclidean norm of the
integral vector (xg,x1,...,TN).

Exercise 14.2. Prove that if my,...,my € Z, and xq, ...,y € @N,

then
k k 2k
h <Z mlazl> < (Z mf) H h(x;)
=1 =1 =1
In particular, this means that if oq, ..., € Q, then
k k 3
h (Z miozi> < <Z mf) H h(a).
i=1 i=1 i=1

Prove also that for any o, 3 € Q,
h(aB) < h(a)h(B).

Exercise 14.3. Suppose that K and L are isomorphic number fields
with o : K — L an isomorphism. We also write o for the isomorphism
it induces from K~ to LN for each integer N > 1. Prove that

H(o(x)) = H(x)

for each x € K. Hence conjugate vectos have the same height. Notice
in particular that this implies that conjugate algebraic numbers have
the same height.

The notion of height also extends to polynomials. In particular, if F
is a polynomial with coefficients aq,...,ay € Q, then we define

H(F)=H(ay,...,an).
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Lemma 14.1. Let P(X),Q(X) € Q[X] be polynomials in one vari-
able with coefficients in Q of degrees ny,no respectively, and let n =
min{ny,no}. Then

H(PQ) < vn+1 H(P)H(Q).

Proof. Let K be a number field containing coefficients of P and (), and
suppose it has degree d over Q. It is easy to observe that for every
v € M(K) such that v { oo,

H’U<PQ) = Hv(P)Hv(Q)7

where these are precisely the local heights of corresponding coefficient
vectors.

Exercise 14.4. Letv € M(K), v|co. Use Cauchy’s inequality to prove
that

H,(PQ) <vVn+1 H,(P)H,(Q).

Then
HPQ) = [[ H.(PQ)%
veEM (K)
< TLme)m@) I (in+ 1 mP)H@)
vtoo v]oo
= HP)H@[]In+ 1
v]oo
Ev|oodv
= (Va+1) T H(PHQ) = VaT1HP)H(Q).
This completes the proof. O

Corollary 14.2. Suppose that

P(X) = ay(X —a1)... (X — aq),
where ag, aq,...,aq € Q. Then
(53) H(P) < 2T h(ov) ... hag).

Proof. Notice that here we can view P(X) as a product of d linear
polynomials in one variable, hence applying Lemma 14.1 d — 1 times

yields (53). O

For a vector @ € @N, we define its degree to be

deg(x) = [Q(x1,...,zn) : Q.
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Also, for a projective point [x] we write deg([z]) to mean the minimum
of deg(x) taken over all representatives of [x]. We are now ready to
prove the fundamental property of heights.

Theorem 14.3 (Northcott, 1949). Let N,d, B be positive integers.
Then the set

Sn(B,d) = {[z] € P"1(Q) : deg([z]) < d, H(z) < B}
18 finite.
Proof. If @ = (z1,x9,...,2y) € @N with x; # 0 for some 1 < i < N,
then H(x) = H + |- Therefore we can always choose a representative
x of [x] € PN~1(Q) with one coordinate equal to 1. Without loss of
generality assume @ = (1,2,...,2y) € @N, then
H(x) > H(1,z;) = h(x;), V2 <i < N.
Therefore it suffices to prove that the set
S(B,d) = {a € Q:deg(a) < d, h(a) < B}

is finite. Notice that if & € S(B,d), then it must be a root of a monic
polynomial with rational coefficients of degree at most d

PX)=(X—a)(X —a)...(X —ay),

where a = aq, as, .. ., ag are conjugates of a. By Exercise 14.3, h(a) =
h(c;) for every 1 < i < d, and so h(c;) < B for all 1 < i < d. By
Corollary 14.2,

(54) H(P) <27 h(ay)...h(ag) < 2°T B

Since P(z) is monic, let (%, o, e 1) € Q be the coefficient vector

of P, written is such a way that ged(m,mg,...,mg_1) = 1. Then by
Exercise 14.1,

H(P) = \Jm2 +mj + -+ m3_, = mlb,

where m = (m,mqg,...,mq_1) € Z%2 and || ||» stands for the Eu-
clidean norm, as usual. It is now easy to see that there are only finitely
many integral vectors m with |m|, < 2" B¢, and so there are only
finitely many polynomials P satisfying (54). This means that S(B,d)
must be finite, and so completes the proof. ([l

Remark 14.1. The cardinality of Sy (B, d) has been investigated by var-
ious authors, starting with a result of Schanuel in 1979. More recently
there were upper and lower bounds produced by Schmidt, Thunder,
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Masser, and Vaaler, among others, however there still is no known
asymptotic formula for |[Sy (B, d)|.

Next we will show how the notion of height can be extended to
subspaces of K. Let V C K% be an L-dimensional subspace, 1 <
L < N. Let @,...,x be a basis for V, and write X = (x; ... @)
for the corresponding N x L basis matrix. Let Z be the set of subsets
of {1,..., N} of cardinality L, then

a-(2)

For each I € 7, let X; be the L x L submatrix of X whose rows
are indexed by elements of I. We introduce lexicographic ordering on
elements of Z, and write

I:{[l,...,f(zz)}

with respect to that order. Then define a vector of Grassmann co-
ordinates of V with respect to the basis @1,...,x to be

g(X) = <det(X11),...,det <X1(]LV)>> e k(1)

Suppose Yy, ...,y is a different basis for V', and write Y for the corre-
sponding basis matrix. Then there exists a matrix U € GL(K) such
that

Y = XU,
and so it is easy to see that

g(Y) = det(U)g(X).

As before, we write [g(X)] for the projective point in p(z)-1 represented
by the vector ¢g(X), hence [g(X)] = [¢(Y)], and so we denote this
projective point [¢(V')] to indicate that it does not depend on the choice
of the basis. Define

GY(K) ={[g(V)]: V C K, dimg(V) = L}.

GL%(K) is called the (]Z)—Grassmann component of KV, and this
is the projective space whose points correspond to L-dimensional sub-
spaces of KV. Notice that this is a generalization of the projective space
PY~1(K), which can be thought of as the space of one-dimensional
subspaces of K. This is perhaps the simplest example of a parameter
space, i.e. of a general type of objects in algebraic geometry which are

called moduli spaces.
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Using this notation, we can now define height of an L-dimensional
subspace V of KV by

H(V) = H(g(V)).

Of course, this works in precisely the same manner for subspaces of @N.
Height can also be defined for more general objects, such as algebraic
varieties and intersection cycles; this is done in a manner similar in
spirit to the simplest case of linear varieties (namely vector subspaces)
that we considered here, namely by parametrizing these objects in an
appropriate manner. This, however, is more in the realm of arithmetic
geometry, and out of the scope of these notes.

For the rest of these notes we will be concerned with various applica-
tions of height function machinery to problems in Diophantine approx-
imations. We start here by very briefly going back to Roth’s theorem.
Recall that for a positive real number §, a J-approximation to an al-
gebraic number « is a rational number § with ¢ > 0, ged(p,q) = 1,
and

p' 1

a—=

q
Then Roth’s theorem (Theorem 12.6) can be restated by saying that
any algebraic number « has only finitely many d-approximations for
each 0 > 0. A natural question to ask is how many d-approximations
are there for a fixed algebraic o and a fixed § > 07 Recall that in section
12 we were counting the number of - and related approximations to
a in fixed intervals and windows of exponential width. We can now
state a result on the overall number of d-approximations. There are
various bounds produced by Davenport, Roth, Luckhardt, Mueller, and
Schmidt, among others. A version of the following theorem is due to
Bombieri and Van der Poorten.

< .
q2+6

Theorem 14.4. Let a be an algebraic number of degree d > 3, and let
0 <90 < 1. Then the number of d-approximations to a is less than

log, log h(a)
log(1 + 6)
where log, a = max{0,loga}, and

10° ?
c(d,d) = 5—05(10g 2d)? log ((%) log 2d> :

The first term in (55) is best possible, however ¢(d, ) can likely be
improved; see [36] for many further details on this subject.

(55) + ¢(d, 0),
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15. LEHMER’S PROBLEM AND MAHLER’'S MEASURE

Notice that the bound on the number of §-approximations to an alge-
braic number « in Theorem 14.4 depends on the height of «; in partic-
ular, the smaller h(«) is, the fewer such approximations are there. This
underlines the meaning of h(«) in the following sense. Height measures
arithmetic complexity of an algebraic number, incorporating together
its size (i.e. archimedean norms) with its divisibility properties (i.e.
non-archimedean norms). Hence, roughly speaking, the larger height
is, the more “complicated” the algebraic number is, the “closer” it is
to transcendental numbers. We know, on the other hand, that tran-
scendental numbers are better approximable than algebraic numbers,
so the dependence of the number of J-approximations on the height
makes sense. But how small can h(a) be? In order to investigate this
question, it will be convenient to use a different height h; on algebraic
numbers, which is closely related to h. For each a € Q, define

hia)= ] max{1,lal,} %,

veM(K)
where K = Q[a], d = [K : Q], and d, = [K, : Q,].
Exercise 15.1. Prove that for every o € Q,
hi(a) < h(a) < V2 hy(a).

Then instead of investigating lower bounds for h(a) we will talk about
lower bounds for hq(«). It is easy to see that

hl(Oé) Z 1

with equality if and only if « is either 0 or a root of unity. So suppose
that a € Q is of fixed degree d, and h;(a) > 1. Then how small can
hi(a) be? In other words, is there a gap in values of hy(«), or is it
continuous? In this direction we state a famous conjecture of D. H.
Lehmer, dating back to 1932.

Conjecture 15.1 (Lehmer). There ezists an absolute constant C €
R<1 such that for any algebraic number o of degree d which is not 0 or
a root of unity, we have

hi(a) > Ci.

In this section we will review some of the material required to un-
derstand this outstanding conjecture and its significance. For more
detailed information on the material of this section see [37], which is
an excellent account of this fascinating subject.
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Let aq,..., a4 be conjugate algebraic numbers of degree d, and let
d d
flx) =aq H(a: — ;) = Z a;x' € L[z
i=1 i=0

be their minimal polynomial. We define the Mahler’s measure of
f(z) to be

(56) M(f) = laaloo ] [ ma{1, oiloc}

Exercise 15.2. Let a € Q be of degree d, and let f(z) € Z[x] be its
manimal polynomial. Prove that

1

hi(a) = M(f)7.

Using Exercise 15.2, we can restate Lehmer’s conjecture in terms of
Mahler’s measure, which incidentally is how it was originally stated.

Conjecture 15.2 (Lehmer). There ezists an absolute constant C €
R~y such that for any polynomial f(x) € Z[x] which is not a product
of cyclotomics and a power of x, we have

M(f) = C.
Moreover,
C' = M(g) = 1.1762808...,

where

gla) =20 +2° — a7 — 28— —at — P+ 1

15 the so-called Lehmer’s polynomial.

We can think of Mahler’s measure as another height function defined
on polynomials in Z[z]; in particular it satisfies Northcott’s finiteness
property. More specifically, let B,d € R>;, and consider the set

S(B,d) = {f(x) € Z[z] : deg(f) < d, M(f) < B}.
Northcott’s theorem (Theorem 14.3) implies that it is finite. Indeed, if
f(z) € S(B,d), then its roots oy, ..., aq must be in the set

S'(B,d) = {a € Q: deg(a) < d, h(a) < B7 < B},
which is finite by Theorem 14.3.

The definition of Mahler’s measure immediately implies a few nice
properties that it satisfies. First of all, M(f) = 1 if and only if f(z)
is a product of cyclotomic polynomials and x™ for some n € Z~y. Also
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notice that unlike the regular height H on polynomials, which only
satisfies Lemma 14.1, M is a multiplicative function, i.e.

M(fq) = M(f)M(q),

for any two polynomials f(z),g(x). On the other hand, Mahler proved
that M(f) is comparable to H(f), specifically

(57) H(f) < M(f) < H(f).

Notice that the definition of Mahler’s measure automatically extends
to polynomials in C[z]. Although we can no longer think of it as a
height function, since the roots of a polynomial in C[z] are not nec-
essarily algebraic, the multiplicative property remains true. Mahler’s
measure can also be represented by an integral formula by an applica-
tion of the classical Jensen’s formula from complex analysis.

Theorem 15.1 (Jensen’s formula). For any a € C,

276

ef0110g|a_e do :max{l,|a]},
where | | stands for the regqular | | absolute value on C.

This is a standard theorem, a proof of which can be found for instance
in [37], Lemma 1.9. An immediate application of this is the following
result, which was originally proved by Mahler; in fact, this along with
(57) is the reason why M (f) is called Mahler’s measure.

Corollary 15.2. For any non-zero f(x) € Clz],
M() = ol el ()]
Proof. Let d = deg(f), then there exist a4, a1, ..., aq € C such that

d
f@)=as]J(= = ay),
j=1
and so

d
log ’f (627”'9)’ = log |ad| —+ Z]Og |aj _ 627ri0| '

j=1
Therefore, by Theorem 15.1

do

d
€f0110g|f<e27ri0)’ do _ ‘ad|H€follog|aj_82ﬂ'i6
7j=1

—Jaul [ [ max{1,]af} = M(p).
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This completes the proof. O

Corollary 15.2 therefore implies that Mahler’s measure is a continuous
function on Clz].

Now let us review some of the results in the direction of Lehmer’s
conjecture. For a polynomial f(z) € Clz] of degree d, define its recip-
rocal polynomial

() =2f (x_l) )
We will say that f(z) is reciprocal if f(z) = f*(z), and that it is non-
reciprocal otherwise. The reciprocal condition on f(x) is equivalent
to the condition that its coefficients read forward same as backward.

Theorem 15.3 (Smyth, 1971). If f(x) € Z[x] is non-reciprocal such
that f(0)f(1) # 0, then

M(f)> M(2* —x—1) =1.324...

Smyth’s theorem implies that we can restrict our attention to reciprocal
polynomials. However, in this case no absolute lower bound is known:
the best uncoditional bound known depends on the degree of f(z), and
looks as follows.

Theorem 15.4 (Dobrowolski, 1979). Let ¢ > 0. Then there exists
do(e) € Z such that for every f(x) € Z[x] of degree d > dy(¢),

log log d) 3

(58) M(f)>1+(1—5)< o

Actually, Cantor, Straus, Loubotin, and Rausch slightly improved Do-
browolski’s method in several papers published between 1982 and 1985,
which allowed to replace (1—¢) in the lower bound of (58) with (9/4—¢),
however getting rid of the dependence on d seems to be a major ob-
stacle. Dobrowolski’s theorem stated in terms of height of algebraic
numbers implies that there exists a positive constant C such that for
every a € Q of degree d, we have

1
log log d 7\
h > (14C

(@) ( * 1( log d ) ’
which is weaker than the bound of the form C'a proposed by Conjecture
15.1 where the constant C'is independent of d. However, if we consider
pairs of algebraic numbers o and 1 — «, it turns out to be possible
to produce a lower bound on the product of their heights which is

completely independent of d. The following Lehmer-type result with
an implicit constant was first obtained by Zhang in 1992 with the use
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of Arakelov theory; in 1995 Zagier obtained an elementary proof of it
with an explicit constant.

Theorem 15.5 (Zhang, Zagier). Let a € Q be not equal to 0,1, or

1+/=3
y—, then

1+5
2 Y
with equality if and only if o or 1 —« is a primitive 10-th root of unity.

hi(a)hi(1 —a) >

Notice that Theorem 15.5 can be viewed as a uniform lower bound
on the height of algebraic points on the curve

r+y=1

There is also a uniform upper bound on all such points that satisfy one
additional condition.

Definition 15.1. Two numbers «, 3 € Q are called multiplicatively
dependent if there exist t € Q, a,b € Z, and &1, €5 roots of unity such
that

o = €1ta, 6 = €2tb.
The following bound was obtained in 1998 by P. Cohen and U. Zannier
in [7].

Theorem 15.6 (Cohen, Zannier). Let 0,1 # a € Q be such that o
and 1 — a are multiplicatively dependent, then

hl (Oé) S 27
with equality if and only if « =2 or 1/2.
Hence by combining the results of Theorems 15.5 and 15.6, we conclude
that if (x,y) is an algebraic point on the curve

r+y=1
with multiplicatively dependent coordinates # 0, 1, HE‘/?S, then

2
1+5
2

This is a rare example of a uniform bound for the height of a set of
algebraic points on an algebraic variety.

< hy(z)ha(y) < 4.
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16. POINTS OF SMALL HEIGHT

In the previous section we saw an example of uniform bounds on
height of points on a simple curve. In a more general situation we
cannot hope to obtain such nice results. In fact, on higher dimensional
varieties it is usually very difficult to prove existence of even a single
point of relatively small height. If however we were to prove existence
with an explicit bound on height, it would reduce the search for such
points to a finite set due to Northcott’s theorem. In other words, we
can think of a bound on the height of a point on variety over a fixed
number field K as a search bound in the same sense as in section
11. We start discussing this topic with the case of a linear variety, i.e.
by revisiting Siegel’s lemma, but this time in its much more powerful
form over a number field. The following version of Siegel’s lemma was
proved by Bombieri and Vaaler in 1983, see [3].

Theorem 16.1 (Bombieri, Vaaler). Let V' be an L-dimensional sub-
space of KN, L < N. Then there exists a basis @1, ...,x;, € OX for V
such that

L
(59) [T H (@) < {NDxV} " V),

i=1
where Dy is the discriminant of K, and d = [K : Q| as usual.

In other words, Theorem 16.1 states that a subspace V of K% has
a basis of relatively small height with coordinates in Ok, where the
bound on height is explicit and depends on height of V. In particular, it
implies the existence of a non-zero point of small height in V', bounded
as follows.

Corollary 16.2. Let V be an L-dimensional subspace of K, L < N.
Then there exists 0 # x € OX NV such that

(60) H(z) < {N|Dg |V H(V)VE,

The dependence on H(V) in (59) and (60) is sharp. An analogous

bound has been proved for a small-height basis of a subspace V' of @N
by Roy and Thunder, see [32], where the constant in the upper bound
does not depend on any number field; this is often desired, since Dg
can be quite large.

Next we can force additional conditions on the point in question, for
instance require that it lies in V' outside of the union of a collection of
subspaces of K. In this direction we have the following extension of
Siegel’s lemma, see [16], [14].
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Theorem 16.3 (Fukshansky, 2004). Let V' be an L-dimensional sub-
space of KN, 1 < L < N. Letl = [%}, and let 1 < s < L be an
integer. Let Wy, ..., W be nonzero subspaces of K™ with

11252};4{d1m;<( W)} <s.

There exists a point © € V \ U, W; such that

M (T—s)d
1 1
(61) H(x) <gxnrps HV) (E _d> + M Twat
— H(W,;)

where the constant in the upper bound is explicit, and depends in par-
ticular on Dy .

The dependence on H (V') in the upper bound of Theorem 16.3 is sharp.

Next we consider the case of a quadratic hypersurface. Namely, let

N N
=3 Y fiXiX; € K[Xy,..., Xy]

=1 j=1

be a quadratic form in N variables with coefficients in the number field
K of degree d over Q. We say that F' is isotropic over K if there
exists 0 # ¢ € K% such that F'(x) = 0. Provided that F' is isotropic
over K, we are interested in proving the existence of a non-zero point
of bounded height in the quadratic variety

Vi(F)={x c K : F(x) =0}

with an explicit bound on height. The following theorem was originally
proved by Cassels in 1955 for the case K = Q, and then extended to
arbitrary number fields by Raghavan in 1975; see [5] and [30].

Theorem 16.4 (Cassels, Raghavan). Let F' be a quadratic form, which
is isotropic over K as above, then there exists 0 # x € Vi (F') such
that

1

H(x) <xn H(F)' T,

where the constant in the upper bound is explicit, and depends in par-
ticular on Dy .
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The dependence of H(F') in the upper bound of Theorem 16.4 is best
possible. What is instead of being a quadratic form, F' is an inhomo-
geneous quadratic polynomial over K7 In other words, let

N N N

P(X) = ZZfinin "‘ZfOiXi + foo € K[X1,..., Xn],
i=1

i=1 j=1
and suppose that
Vi (P) ={x c K" : P(x) =0}

is not empty. We want to prove the existence of a point & € Vg (F)
of bounded height. Notice that we can “homogenize” F' by adding one
more variable X, i.e. consider the quadratic form in N + 1 variables

N N
F(X)=Y">" fiX;X; € K[Xo,..., Xy].

i=0 j=1

Exercise 16.1. A point € = (xg, x1,...,xy) € KN with zo # 0 is
a zero of F if and only if the point ' = (x1,...,2y5) € KV is a zero
of P.

Hence we want to look for small-height zeros of F' with additional
condition zy # 0. The following theorem was originally proved for the
case K = Q by Masser in 1998 and extended over an arbitrary number
field by Fukshansky in 2003; see [26], [15].

Theorem 16.5 (Masser, Fukshansky). Let F' be a quadratic form in
N + 1 > 2 variables with coefficients in K. Suppose that there exists
x = (20,...,75) € KMt such that F(x) = 0 and xq # 0, then there
exists such x with

(62) H(w) i H(F)'E,

where the constant in the upper bound is explicit, and depends in par-
ticular on Dg.

This implies that if an inhomogeneous quadratic polynomial in N vari-
ables with coefficients in K has a zero over K, then it has such a zero
of height bounded as in (62). The exponent in the upper bound of (62)
is best possible as demonstrated by an example of Masser.

Next consider a certain generalization of Theorem 16.5. Namely,
notice that the condition xg # 0 is a non-vanishing condition on a
simple linear form. Then we can state the following more general result,
see [15].
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Theorem 16.6 (Fukshansky, 2003). Let F' be a quadratic form in N+1
variables with coefficients in K, as above. Let

Ll(X)7aLM(X) GK[X07X17"'7XN]

be linear forms in N + 1 variables with coefficients in K. Suppose that
there exists a point x € K" such that F(x) = 0, and L;(x) # 0 for
each 1 < i < M. Then there exists such a point x with

M
(63)  H(x) <gwar HEF) T OOV T (L) =7,

i=1
where the constant in the upper bound is explicit, and depends in par-
ticular on D .

Notice that the additional arithmetic condition on non-vanishing of
linear forms in Theorem 16.6 is similar to the additional condition
on missing a collection of subspaces in Theorem 16.3: a linear form
does not vanish at @ if and only if x is outside of its nullspace. As
a corollary of Theorem 16.6, we can state the following Cassels-type

result on singular and non-singular points in a quadratic variety, see
[15] and [12].

Corollary 16.7 (Fukshansky, 2005). Let F' be a quadratic form in N
variables with coefficients in K. Let

Vi(F) ={x € K" : F(x) = 0},

as above. If there exists a mon-singular point x € Vi (F'), then there
exists such a point with

(64) H(z) <xn H(F)'T.
Also, if there ezists a singular point 0 # y € Vi (F), then there ezists
such a point with

(65) H(y) < H(F)xv=n

where 1 is the rank of F on KN, 1 < r < N, since Vi (F) contains
non-zero singular points. The constants in the upper bounds of (64)
and (65) are explicit, and depend in particular on Dy.

What can be said about bounds on height of solutions of polynomials
of degree higher than 2 in an arbitrary number of variables over a fixed
number field K? This problem seems to be completely out of reach
at the present time. In fact, if K = Q and F' is a homogeneous poly-
nomial, such a bound would provide an algorithm to decide whether
a homogeneous Diophantine equation has an integral solution, and so
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would imply a positive answer to Hilbert’s 10th problem in this case,
i.e. this would mean that there exists an algorithm to decide whether
such an equation has non-trivial integral solutions. However, by the
famous theorem of Matijasevich [28] Hilbert’s 10th problem is undecid-
able. This means that in general such bounds do not exist over Q; in
fact, they are unlikely to exist over any fixed number field. Moreover,
it is known they do not exist over Q even for a quartic polynomial
(see [27] for details). This problem becomes considerably easier if we
were to allow for solutions to lie over some extension of K of bounded
degree over K. In fact, the following basic bound is quite easy to prove
(see [13]).

Lemma 16.8. Let M > 1, N > 2, and F(Xy,...,Xxn) be a homo-
geneous polynomaial in N wvariables of degree M with coefficients in a
number field K. There exists 0 # z € @N with degy(z) < M such
that F(z) =0 and

(66) H(z) < V2 H(F)'™M,

In fact, it is possible to prove a stronger statement by requiring the
point & in question to satisfy some additional arithmetic conditions.
Write G for the multiplicative torus (@X)N . The following theorem
is proved in [13].

Theorem 16.9 (Fukshansky, 2004). Let F(Xy,...,Xy) be a homoge-
neous polynomial in N > 2 wvariables of degree M > 1 over a number
field K, and let A € GLy(K). Then either there exists 0 # x € KV
such that F(x) =0 and

(67) H(x) < H(A),
or there exists x € AGY with deg; (x) < M such that F(x) =0, and
(68) H(x) < H(A)H(F)VM,

where the constant in the upper bound is explicit, and depends only on
M and N.

Theorem 16.9 asserts that for each element A of GLx(K) either there
exists a zero of F' over K whose height is bounded by H(A), or there
exists a small-height zero of F' over Q which lies outside of the union
of nullspaces of row vectors of A~'; for instance, if A = Iy this means
that there exists a small-height zero of F' with all coordinates nonzero.
As a corollary of this result it is also possible to derive a bound on
the height of a zero of an inhomogeneous polynomial with additional
arithmetic conditions; this has also been done in [13].
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To conclude these notes, it is useful to mention some of the further
topics. These include further connections with arithmetic geometry
via the study of points of bounded height on various more specialized
varieties. This requires a more extensive theory of heights, including
heights of subvarieties of an algebraic variety and of projective intersec-
tion cycles; one way to define such heights is via Chow forms. Another
interesting direction is the study of multi-dimensional Mahler’s mea-
sure, which is defined by an integral formula analogous to the one in
section 15; there is no analogue of the product formula definition of
Mabhler’s measure in the higher dimensional cases. Values of Mahler’s
measure are connected with special values of L-functions, volumes of
hyperbolic manifolds, and K-theory, among other things. It is also pos-
sible to study various connections and applications of Lehmer’s conjec-
ture, which include dynamical systems, ergodic theory, and hyperbolic
topology. On the geometry of numbers side of things, one can investi-
gate an analogue of Minkowski’s beautiful theory over so-called adelic
spaces with number fields playing the role of lattices. These are just a
few of the vast array of topics related to Diophantine approximations
and geometry of numbers.
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