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Cassels’ Theorem

Let N > 2, and let

N N
F(X,Y)= ) > fiX;Y]
i=1j5=1
be a symmetric bilinear form with coefficients
in Z. Define its associated quadratic form

F(X) = F(X, X).

In 1955, J. W. S. Cassels proved that if F
is isotropic, then there exists x € Z\ {0} such
that F'(x) =0, and

N N St

(1) 1|gzaé>§v|$z| < (32';19';1 |fz]|)

The expressions on the left and right hand
sides of (1) are examples of heights of a
vector and of a quadratic form, respectively.
Since sets of integral points with explicitly
bounded height are always finite, (1) provides
an explicit search bound for non-trivial zeros
of F. The exponent ~= in the upper bound

IS sharp, as shown by an example due to M.
Khesser.



What about heights?

The notion of height as above can be ex-
tended to number fields and function fields.

Height functions are fundamental tools of
arithmetic geometry — they measure the arith-
metic complexity of objects in much the same
way that degree in algebraic geometry mea-
sures geometric complexity.

An especially important property of heights
over number fields and function fields with
finite coefficient fields is —

Northcott’s finiteness property: For each
real constant B the set of projective points
with height bounded above by B is finite.

This finiteness property makes statements on
the existence of objects of bounded height
effective.



Over global fields

Analogues of Cassels’ theorem over a global
field K with respect to appropriately defined
height functions have been obtained:

e In 1975 by S. Raghavan when K is a
number field

e In 1987 by A. Prestel when K is a ratio-
nal function field

e In 1997 by A. Pfister when K is an al-
gebraic function field

The exponent on height of F' in the upper
bounds is again &1,

In addition, Raghavan produced an analo-
gous result for zeros of hermitian forms over
CM number fields, where the exponent in the

upper bound is 251,




Additional extensions of Cassels’ theorem have
been obtained by

e Birch & Davenport, 1958

e Chalk, 1980

e Davenport, 1957 & 1971

e Schulze-Pillot, 1983

e Watson, 1956

and others. In particular, results of Chalk,
Davenport (1971) and Schulze-Pillot estab-
lished existence theorems for collections of
linearly independent isotropic vectors of bounded
height.



Notation and heights

A more general effective theory followed these
results. To survey it we need some notation.

Let K be either a number field, a function
field, or algebraic closure of one or the other;
we write K for the algebraic closure of K, so
it may be that K = K. In fact, until further
notice assume that K # K.

By a function field we will always mean a fi-
nite algebraic extension of the field 8 = Kg(t)
of rational functions in one variable over a
field Ko, where Ko can be any field.

In the number field case, we write d = [K : Q]
for the global degree of K over Q; in the
function field case, the degree is d = [K : R].

Let M(K) be the set of places of K. For each
place v € M(K), write K, for the completion
of K at v and let dy be the local degree of K
at v, which is [Ky : Qu] in the number field
case, and [Ky : K] in the function field case.
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For each place u of the ground field, be it Q
or K, we have

veEM(K),v|u

If K is a number field, then for each place
v € M(K) we define the absolute value | |
to be the unique absolute value on K, that
extends either the usual absolute value on R
or C if v|oo, or the usual p-adic absolute value
on Qyp if v|p, where p is a prime.

If K is a function field, then all absolute val-
ues on K are non-archimedean. For each
v € M(K), let O, be the valuation ring of
v in Ky and 9, the unique maximal ideal
in O,. We choose the unique corresponding
absolute value | |y such that:

(i) if 1/t € My, then [t|y = e,

(ii) if an irreducible polynomial p(t) € My,
then |p(t)]y = e~ 9e9(),



In both cases, for each nonzero a € K the
product formula reads

(3) I lalzv =

veM(K)

We can now define local norms on each K.V:

Tly = mMax :
| |v 1§z‘§N|$Z|U’

and for all archimedean places v also define

N ) 1/2
lzllo = | > lzil3 :
i=1

for each & = (z1,...,zyx) € K. Then define
a projective height function on K by

for each x ¢ K.



H is defined on the projective space PN —1(K):
H(ax) = H(z), VO#a€e K, x € KV,

which is true by the product formula.

For a polynomial F' with coefficients in K,
H(F) is the height of its coefficient vector.

We also define height on subspaces of KN,
Let V C K& be an L-dimensional subspace,
and let xq,...,x; be a basis for V. Then

(1)
y:=xT1N---Nxp € K\L

under the standard embedding. Define

d’U d de d
HWV) = T lyle/ x IT Nl
v{oo v|oo
This definition is independent of the choice
of the basis by the product formula.

The normalizing exponent 1/d in the defini-
tion of H and 'H ensures that our heights are
absolute, i.e. do not depend on the field of
definition.



Isotropic subspaces of bounded height

In 1985, Schlickewei showed that if F' is an
isotropic rational quadratic form in N > 2
variables, and M < N is the dimension of
a maximal totally isotropic subspace of the
quadratic space (@N,F), then there exists
such a subspace W with

HOW) <y H(F) 2.

In 1987, Vaaler generalized this result and
extended it to number fields. Specifically, let
K be a number field, N >2 and 1 <L <N
integers, V C KN an L-dimensional subspace,
F' a quadratic form over K in N variables, and
(V, F') a quadratic space. Let M < L/2 be the
Witt index of (V,F) and X dimension of the
radical. Then there exists a maximal totally
isotropic subspace W C V of dimension M+ \
such that
L—M

5\
2 H(V).

HW) <k n.mx H(F)
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Analogous result over Q

For quadratic spaces over Q, we have:

(F., 2008) Let V C ©Q", dimV = L, and
consider the quadratic space (V,F). Let v+
be the radical of V, so that dimV+, = )\, and

M = [LT_)‘} is the Witt index of V. Then

V=Vl
where U is regular, dmU = L — )\, and
H(VE) < HE)YE 2 H(V)2, HU) < H(V).

There also exists a maximal totally isotropic
subspace W of U so that dimW = M and

M24+M+2
H(F) H(U) 2M if2|L—\

H(F)M*H(U)'5 if 24 L — A
Then W' := span= {VL W} is a maximal to-

tally isotropic subspace of V, dmW' = M +
A, and

HW') < H(VEYH(W).
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Families of isotropic subspaces

In 1989, Vaaler proved the following re-
sult over number fields, building on previous
work by Schlickewei and Schmidt (1987)
over Q:

Given a quadratic space (V, F') over a number
field K, as above, there exists a family

Ug,....U—pm CV

of maximal totally isotropic subspaces of V
such that

V =spang{Wo,...,Wr_n}
and foreach 0<:< L — M,

H(Wo)H(W;) <g¢.p.a HF) MK (V)2
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In joint work (W. K. Chan, L. F., G. Hen-
shaw; iIn progress), we show that in fact
there exists an infinite sequence of families
of maximal totally isotropic subspaces

{Wn].?"'aWnJ}?LO:]_ g V7
where J = M(L—2M — ), such that for each
n > 1,
spang {Wpi,...,Wps} =V,
and for each 1 <45 < J,

H(Wy;) < H(F)PEMq(yyaldh),

where the constant in the upper bound de-
pends on K,N,L,M,\,n, and p(L,M), a(M)
are polynomials: p(L, M) is linear in L, quar-
ticin M, and q(M) is cubic in M.

We have also obtained an analogous result
over Q, and are working on the function field

case.
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Witt decomposition (F., 2007-2008)

Let K be a number field or Q, and let (V, F)
be an L-dimensional quadratic space in N
variables over K, as above. Letr := L — )\ be
the rank of FF on V. There exists an orthog-
onal decomposition of the quadratic space
(V, F) of the form

V=V+t1H;y 1l ---LHy LU,

where H,,...,H,; are hyperbolic planes and
U is anisotropic component, with all compo-
nents of bounded height. Specifically, if K is
a number field, then

HVE) <k HF)PHV),
as proved by Vaaler (1989), and

L4+2M e1(M)
max{H(Hi),H(U)}<<{H(F) Z H(V)} ;

for each 1 <1 < M, where

(M 4+ 1)(M + 2)
2
and the constant depends on N, L, M.

14

e1(M) =




If K=0Q, then

H(V) < HF)H(V)?,

and
eo(M)
H(H,) < {H(F)MQHH(V)—%?} =
where
_ (M +1)(M+2) 3\M
e2(M) = > (5)

and the constant depends on L,M,r, and
U={0} if L=2M, or U= Qy with

2M+3
HWU) <, pmr H(V)4MF2,

if L =2M + 1.

In a joint project (W. K. Chan, F., G. Hen-
shaw; in progress) we are working to obtain
function field analogue of these results.

15



Symplectic spaces (F., 2009)

Let K be a number field, function field, or the
algebraic closure of one or the other. Let

N N
F(X,Y)= > > fijX;Y]

i=14=1
be an alternating bilinear form in N > 2 vari-
ables with coefficients in K. Let V C K be
a 2M-dimensional subspace, 1 < M < N/2,
such that (V, F') is a regular symplectic space
over K. Define

M24-4M -
3 if 2+ M,

and
2M349M2—-14M if 2| M

b(lﬂ) - { 3 122
2M>4+9M~--14M+3 ;
HOMIZ1AMES i o 4 M.
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For each 1 < n < M, there exist totally
isotropic subspaces U, and W,, of (V, F') such
that

and
Ui CUyC---CUp, Wy CWor C--- C Wyy,

so that V = spang{U,;, Wi}, and

H(Vi)H(Wn) <5 N0 (H(V)“(M)H(F)b(M))%.

Moreover,
V=H; L--- 1L Hyy,

where for each 1 < < M, Hj; is a hyperbolic
plane, and

M
[T 7)) <k v ROV H ()P0,
i=1
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Hermitian forms (Chan, F., 2010)

Let K be a totally real number field of de-
gree d, and let a,8 € O be totally neg-
ative. Let D = (O‘[’{ﬁ) be a positive defi-
nite quaternion algebra over K, generated by
the elements 7, 3, £ which satisfy the relations
2 =, 2 =20, ij = —ji =k, k2 = —ap.
Let © be an order in D. Let N > 2 be an
integer, and let V € DN be an L-dimensional
right D-subspace, 1 < L < N. Let FI(X,Y) €
D[X,Y] be a hermitian form in 2N variables,
and assume that F' is isotropic on V. Then
there exists a basis yq,...,yy for V over D
such that F(y,) = F(y,,y,) = 0 for all

1<n<L, h(y;) <---<h(yr), and

h(y1)h(YL) <K.ON.Laog Hint(F)*1HO (V)8

for appropriately defined height functions h,
Hin¢, and H9, following the approach of C.
Liebendorfer (2004).

This is an analogue of a result of Vaaler
(1989) over number fields.

18



Further work

Some of the additional work done includes in-
vestigation of small zeros of quadratic forms
over a field K outside of unions of subspaces
and varieties:

e In 1998 by D. Masser: K = (Q, outside
of one hyperplane

e In 2004 by L. F.: K is a number field,
union of m hyperplanes

e In 2009 by R. Dietmann: better bound
when m > 1

e In progress by W. K. Chan, L. F., G.
Henshaw: K is a number field or @, in a
vector space missing a union of varieties

In a joint project (W. K. Chan, F., G. Hen-
shaw; in progress) we are working to obtain
function field analogue of these results.
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