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The name Siegel’s Lemma is usually used to de-
note results about non-trivial small-height solu-
tions of a system of homogeneous linear equations,
or (which is the same) about non-zero points of
small height in a given vector space. Such a result
in a simple form was first proved by Thue in 1909
using the Dirichlet’s box principle. Siegel in 1929
was the first to formally state this principle in the
classical case. His result can be interpreted in the

following manner:



If W is a subspace of Q of dimension 1 <
w < N, then there exists a non-zero point x in

W such that
H(x) <y HW)YY

for appropriately defined notions of height and
with an explicit constant which depends only on

N and w.

This principle has been vastly generalized since
Siegel. An important version of such a general
principle was produced in 1983 by Bombieri and
Vaaler. A consequence of their theorem is a direct
extension of the above statement to a number field
K with the constant in the upper bound now de-
pending on K, N, w. The full power of their result
produces a whole basis of small height for W.



We consider the following extension of this prob-
lem. Let K be a number field, N, M positive in-
tegers. Let W be a subspace of K¥ of dimension
1 <w < N and let Vi,..., Vs be a collection of
proper subspaces of W. We prove the existence
of a point @ of small height in W outside of the

union of subspaces V1, ..., V.

We first need to set some notation.
K - number field
Oy - ring of algebraic integers of K
d =K : Q] - degree of K over
M (K) - set of all places of K
Dy - discriminant of K
K, - completion of K at v for each v € M(K)

d, = |K, : Q] - local degree of K at v
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For each place v € M(K) we define the absolute
value || ||, to be the unique absolute value on K,
that extends either the usual absolute value on R
or C if v|oo, or the usual p-adic absolute value
on Q, if v|p, where p is a prime. We also define
the second absolute value | |, for each place v by
al, = Ha||§}l“/d for all a € K. Then for each non-
zero a € K the product formula reads
[T ol =1 (1)
veM(K)
We extend absolute values to vectors by defining
the local heights. For each v € M(K) define a
local height H, on K by

H,(x) = max |z;l,, (2)

1<i<N

for each & € K.



Then we have a global height function on K*:
H(x)= || Hi=) (3)
veM(K)

We extend the height to polynomials by viewing
it as height function of the coefficient vector of a
given polynomial. Finally, we also talk of heights
of subspaces of KV. Let V' C K% be a subspace
of dimension J, 1 < J < N. Choose a basis

x1,...,x; for Vin KV. Then we define
HV)=H(xi N ... Nxyj),

where A stands for the wedge product of vectors
(here we identify an element of /\‘] K with its
image in K (3) under the standard (lexicographic)
isomporphism). This definition is legitimate, since
(by product formula) it does not depend on the

choice of the basis.



Theorem 1 (F.). Let K be a number field of
degree d with discriminant Dy and ry complex
places. Let N > 2 be an integer, and let W be
a subspace of K™ of dimension w, 1 < w < N.
Let Vi, ....Viyy C W be proper subspaces of W of
corresponding dimensions ly,...,lyy > 1. There
exists a point x € W\ |, Vi such that
H(z) < (Cxn(W)H(W)+1) x

( 1 )

—Cin(VD\"
a <Z H’<v(@->d)> B

1=1
\ /

where

wr N\ /2
Crn(W)=2"""14 (wd>w\DK|w/2d(w) :




As a consequence of the method (when M = 0),
we also can produce a simple version of Siegel’s
Lemma over a number field. The upper bound ex-
hibits the best possible exponent on H(W'). This
is an alternative way to produce a Siegel’s Lemma
over a number field using an elementary construc-

tion.

Corollary 2. Let W C KV be a subspace of

dimension w, 1 < w < N. There exists a non-

zero point x € W N Oy such that

d N 1/2w

)" wd
(7)




Another immediate corollary of Theorem 1 can
be viewed as a statement about non-vanishing of

decomposable forms at points of small height.

The following basic lemma is not difficult to

prove.

Lemma 3. Let (X1, ..., Xy) be a non-zero poly-

nomial with coefficients in K. There exists

x € OF such that F(x) # 0, and

H(x) <gn MY (8)

It is hard however to determine an explicit con-
stant for the upper bound of (8) in the general
case. On the other hand, in case F' is a decom-
posable form over K a value for such a constant

easily follows from Theorem 1.



Suppose that W = K~ and V4, ..., Vi, is a col-
lection of nullspaces of linear forms L1, ..., Ly in

N variables with coeffcients in K (i.e. w = N and

li=N—1foreach 1 <i < M). Let
M
F(Xy, . Xy) = [[ L0, X,
=1

Then Theorem 1 produces a point & € KV of
small height outside of the U@]\il Vi, l.e. a point at
which F' does not vanish. In fact, the following
simple bound on H(x) depending only on K, N,

and M follows from Theorem 1 in this case:

Nd \'?
H(iE) < 2N(d+1)<Nd>N‘DK|1/2d (Nd - d) Ml/d.



The method of proof of Theorem 1 is the fol-
lowing. For a real number R > 1 we define the

set

Sr(W) ={x € WNOy : max H,(x) < R},

v|oo

and for each 1 <1 < M, let Sp(V;) = Sp(W)NV;.

Define a counting function

fw(R) = |Sp(W)| - USR(Vz')

> [Sr(W)] = ) _ ISe(Vi),

so that if fy(R) > 0 then there exists a point of
height at most R in W N OF outside of Uf\il Vi.
Thus we want to find the minimal possible R for
which fy(R) > 0. We do this by viewing W NO+
and each V; N O% as a lattice in an appropriate

Euclidean space.
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The determinant of such a lattice can be related
to height of W or V; respectively (by a theorem of
Schmidt, 1967). Then the quantities |Sp(W)| and
|Sr(V;)| for each i can be estimated by counting
the number of points of a corresponding lattice in
a closed cube with side length 2R centered at the
origion in the appropriate Euclidean space. The
proofs of these counting lemmas are of combinato-

rial flayvor.

The resulting bound on the counting function

fw(R) is of the form
fw(R) = aR™" — 2“"bR — 2" M,

where the constants a and b are explicit and de-
pend on N, K, and heights and dimensions of sub-
spaces W and V7, ..., Vs respectively.
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